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Abstract

We investigate the generalization performance of some learning prob-
lems in Hilbert function Spaces. We introduce a concept of scale-
sensitive effective data dimension, and show that it characterizes the con-
vergence rate of the underlying learning problem. Using this concept, we
can naturally extend results for parametric estimation problems in finite
dimensional spaces to non-parametric kernel learning methods. We de-
rive upper bounds on the generalization performance and show that the
resulting convergent rates are optimal under various circumstances.

1 Introduction

The goal of supervised learning is to predict an unobserved output value y based on an
observed input vector z. This requires us to estimate a functional relationship y =~ p(z)
from a set of training examples. Usually the quality of the predictor p(x) can be measured
by aloss function f(p(z), y). In machine learning, we assume that the data (z, y) are drawn
from an unknown underlying distribution. Our goal is to find p(x) so that the expected true
loss of p given below is as small as possible:

L(p()) = Ezyf (p(x), 1),

where we use E, , to denote the expectation with respect to the true (but unknown) under-
lying distribution.

In this paper we focus on smooth convex loss functions f that are second order differen-
tiable with respect to the first component. In addition we assume that the second derivative
is bounded both above and below (away from zero).! For example, our analysis applies to
important methods such as least squares regression (aka, Gaussian processes) and logistic
regression in Hilbert spaces.

In order to obtain a good predictor p(z) from training data, it is necessary to start with a
model of the functional relationship. In this paper, we consider models that are subsets in
some Hilbert function space H. Denote by || - ||z the norm in H. In particular, we consider
models in a bounded convex subset 2 of H. We would like to find the best model in

1This boundedness assumption is not essential. However in this paper, in order to emphasize the
main idea, we shall avoid using a more complex derivation that handles more general situations.



defined as:

pa(-) = arg glelg L(p) = argggg E; .y f(p(2),y)- @

In supervised learning, we construct an estimator 5 of po(-) from a set of n training ex-
amples S = {(z1,v1),--.,(Zn,yn)}. Throughout the paper, we use symbol “to denote
empirical quantities based on the n observed training data S. Specifically, we use EM to
denote the empirical expectation with respect to the training samples, and

£) = By f0e),w) = - Foln), i),

i=1

Assume that input z belongs to a set X. We make the reasonable assumption that p is
point-wise continuous under the || - || g topology: Vo € X, lim,_,p,, p(z) = po(z) where
p — po is in the sense that ||p — po||a — 0. This assumption is equivalent to the condition
Sup||p| <1 P(*) < +oo  (Vz € X), implying that each data point = can be regarded as
a bounded linear functional ¢, on H such that Vp € H: ¢,(p) = p(x). Since a Hilbert
space H is self-dual, we can represent ¢, by an element in H. Therefore Vz we can define
¢ € H as ¢, - p = p(z) forall p € H, where - denotes the inner product of H.

Itis clear that ¢, can be regarded as a representing feature vector of z in H. Inthe literature,
the inner product K (z1,z2) = ¢s, - ¢, is Often referred to as the kernel of H, and H as the
reproducing kernel Hilbert space which is determined by the kernel function K (z1, z2).

The purpose of this paper is to develop bounds on the true risk L(p) of any empirical esti-

mator  compared to the optimal risk L(pg) based on its observed risk L(p). Specifically
we seek a bound of the following form:

L(p) < L(pa) + c(L(p) — L(pa)) + A, A, n),

where ¢ is a positive constant that only depends on the loss function f, and X is a parameter
that characterizes the effective data dimensionality for the learning problem.

If p is the empirical estimator that minimizes L in €, then the second term on the right
hand side is non-positive. We are thus mainly interested in the third term. It will be shown
that if H is a finite dimensional space, then the third term is O(d/n) where d = dim(H)
is the dimension of H. If H is an infinite dimensional space (or when d is large compared
to n), one can adjust A appropriately based on the sample size n to get a bound O(d,, /n)
where the effective dimension d,, at the optimal scale A\ becomes sample-size dependent.
However the dimension will never grow faster than d,, = O(y/n) and hence even in the
worse case, A(p, A,n) converges to zero at a rate no worse than O(1/+/n).

A consequence of our analysis is to obtain convergence rates better than O(1/+/n). For
empirical estimators with least squares loss, this issue has been considered in [1, 2, 4]
among others. The approach in [1] won’t lead to the optimal rate of convergence for non-
parametric classes. The Ls-covering number based analysis in [2, 4] use the chaining
argument [4] and ratio large deviation inequalities. However, it is known that chaining does
not always lead to the optimal convergence rate, and for many problems covering numbers
can be rather difficult to estimate. The effective dimension based analysis presented here,
while restricted to learning problems in Hilbert spaces (kernel methods), addresses these
issues.

2 Decomposition of lossfunction

Consider a convex subset 2 C H, which is closed under the uniform norm topology. Let
pq be the optimal predictor pq in Q defined in (1). By differentiating (1) at the optimal



solution, and using the convexity of Q with respect to p, we obtain the following first order

condition:

By .y fi(pa(@),y)(p(2) —pa(@)) >0 (VpeQ), @
where f{(p,y) is the derivative of f(p,y) with respect to p. This inequality will be very
important in our analysis.

Definition 2.1 The Bregman distance of f (with respect to its first variable) is defined as:

de(p,a;9) = f(a,y) — f(p,y) — f1(p,y)(q — D).

It is well known (and easy to check) that for a convex function, its Bregman divergence is
always non-negative. As mentioned in the introduction, we assume for simplicity that there
exist positive constants ¢; and ¢,, such that 0 < ¢ < f{'(p,9)/2 < ¢y, Where f}' is the
second order derivative of f with respect to the first variable. Using Taylor expansion of f,
it is easy to see that we have the following inequality for d:

alp—q)® <ds(p,;y) < culp—q)*. ®3)

Now, Vf € €, we consider the following decomposition:

L(p) — L(pa) = Ea,yds(pa(x),p(z);y) + Exyfi(pa(@),y)(p(z) — pa(z)).

Clearly by the non-negativeness of Bregman divergence and (2), the two terms on the right
hand side of the above equality are all non-negative. This fact is very important in our ap-
proach. The above decomposition of L gives the following decomposition of loss function:

f@(@),y) = f(pa(@),y) = di (pa(z),p(x);y) + fi(Pa(z),y)(p(x) — pa(z)).
We thus obtain from (3):
a(p(z) — pa())” + fi(pa(z),y)(p(z) — pa(z))
<fp(z),y) — f(pa(z),y) @)
<cu(p(x) = pa(@))® + fi(pa(2),y)(p(z) — pa(z)).

3 Empirical ratioinequality and generalization bounds

Given a positive definite self-adjoint operator @ : H — H, we define an inner product

structure on H as:
(u,v)g = u - Qu =ulQu.

The corresponding normis ||ul|g = (u, u)égﬂ-

Given a positive number A, and let T be the identity operator, we define the following
self-adjoint operator on H:

Q)\ = (E$¢Z¢Z + /\I)_l,
where we have used the matrix notation ¢, ¢L to denote the self-adjoint operator H — H
defined as: ((bz‘ﬁg)h = ¢2(¢s - h) = h(z)¢,.

In addition, we consider the inner product space 7', on the set of self-adjoint operators on
H, with the inner product defined as

(A, B)r, =tr(QxAQADB),

where tr(S) is the trace of a linear operator S (sum of eigenvalues). The corresponding
norm is denoted as || - ||z, -

We start our analysis with the following simple lemma:



Lemma 3.1 For any function a(z, y), the following bounds are valid:

|Ez,ya(x7 y)p(x) - Ez,ya(x, y)p(x)l

sup < || Bz ya(z,y) e — Eayalz, y)é )

s \/Emp(l')2+)\||p||%{ || z,y ( ) T z,y ( ) :c”Qx
Emp z)? — E,p(z)? ~

sup | ( ) ( ) | < ||Ez¢z¢£ - Ex¢z¢£“TA

pEH Ewp(w)2 + )‘”p”%{

Proof Note that E,p(z)? + Allpl|3; = p”Qx"p. Therefore let v = B, ya(z,y)¢s —
E, ya(z,y)d,, we obtain from Cauchy-Schwartz inequality

| Bz ya(@,y)p(x) — B ya(z,y)p(@)| = |p-v| < 0" Qx'p) > (7 Qxv)' /.
This proves the first inequality.

To show the second inequality, we simply observe that the left hand side is the largest
absolute eigenvalue of the operator A = Q(Ey¢»¢L — E,¢,¢7), which is upper bounded

by /tr(A?). Therefore the second inequality follows immediately from the definition of
T\-norm. O

The importance of Lemma 3.1 is that it bounds the behavior of any estimator p € H
(which can be sample dependent) in terms of the norm of the empirical mean of n zero-
mean Hilbert-space valued random vectors. The convergence rate of the latter can be easily
estimated from the variance of the random vectors, and therefore we have significantly
simplified the problem.

In order to estimate the variance of the random vectors on the right hand sides of
Lemma 3.1, and hence characterize the behavior of the learning problem, we shall in-
troduce the following notion of effective data dimensionality at a scale A:

Dy = Ez¢3;Q>\¢z = Ez||¢z||gg>‘

Some properties of D, are listed in Appendix A, which can be used to estimate the quantity.
In particular for a finite dimensional space H, D, is upper bounded by the dimensionality
dim(H) of the space. Moreover the equality can be achieved by letting A — 0 as long as
E,¢,¢L is full rank. Thus this quantity behaves like (scale-sensitive) data dimension.

We also define the following quantities to measure the boundedness of the input data:
Mp > sup ||¢aller, My =sup||¢zllos- ©)
xz xz
It is easy to see that My < Mg /v

Lemma 3.2 Letc = sup, , a(z,y), then we have

Ezy lla(z,y) ¢z — E:c’,y’a(mlayl)d)z’”%,\ < Dy,
E, |62 |lT = Dy, By ||¢2dl — Eur b &L |5, < DMy,

Proof Let ¢ = E, ,a(z',y")¢,, then we have

Eoy lla(@,9)de = 0I5, = Eoy la(@,9)é:15, — 415, < *Da,
which gives the first inequality.
Note that V¢ € H: [[¢¢” ||z, = [|¢lI3,, . Therefore

E, ||¢W¢£||Tx =E, ||¢W”2QA = Dy,



leading to the second equality. Since [|¢. ¢} ||I7, = [|¢: 5, < M2, we have

E, 626z 17, < Ez ll¢2¢g [IM2* < DyMy>.

Similar to the proof of the first inequality, it is easy to check that this implies the third
inequality. O

Next we need to use the following version of Bernstein inequality in Hilbert spaces.

Proposition 3.1 ([5]) Let &; be zero-mean independent random vectors in a Hilbert space.
If there exist B, M > 0 such that for all natural numbers I > 2: L 3" E||&|y <

B \M'=2, Thenforall 6 > 0: P(||X Y, &illm > 8) < 2exp(—26%/(B2 + 6M)).

In this paper, we shall use the following variant of the above bound for convenience.
r(fis

Lemma 3.3 Under the assumptions of Lemma 3.2, let e (t) = 1/ 222 4 4 Then with
probability of at least 1 — 2 exp(—t):
Bz ya(@, y)p(x) — B ya(z, y)p(s)|

sup < ex(t)e.
peH VEep(2)? + Mpll}

Similarly, with probability of at least 1 — 2 exp(—t), we have:

|Eop(2)? — Exp(z)?|
sup < ex(t) M.
U Eup(@ T Al = M

2M 2
z —t + ;B) < 2exp(—1). (6)

Proof The bounds are straight forward applications of (6) and the previous two lemmas.
Due to the limitation of space, we skip the details. O

We are now ready to derive the following main result of the paper:
Theorem 3.1 Assume sup,, , | fi (pa(z),y)| < co. Leta = cu/cl where ¢; and ¢, satisfy
(3). Consider any sample dependent estimator p such that p € Q. Thatis, p € Qis a

function of the training sample S. Let ex(t) = /22> + 2Mx f we choose A such that

aex(t) My < 0.5, then with probability of at least 1 — 4 exp(—t), the generalization error
is bounded as:

X X 4 2.2 t 2
L(p) < L(pa) +4a[L(p) — L(pa)] + 3rcllp — pally + %?\()-

Proof We introduce the following notations for convenience:
A(p) = Bz y f{ (pa(2), ) (p(z) — pa()), A®) = By fi(pa(2),y) (=) — pa(2)),
B(p) = B (p(x) — pa(x))®, B(p) = Ex(p(x) — pa(@))*,
C(p) = B(p) + Allp — pellt-

We obtain from Lemma 3.3 that with probability of at least 1 — 4 exp(—t):

|A(p) — AB) < ex(®eC(B)?,  [B(p) — B()| < ex(t) MAC(H).



Combining the above two inequalities, we obtain:
|A(p) — A(®)| + alB(®) = B®)| < ex(t)[cal(®)"/* + cMAC()].
Using (4) and recalling (2), we obtain

L) - Lpa)] < [LG) - Lpa)] + ex®leaC(®)/? + e MACH)]. ()
Let

K2(p) = [L(9) ~ Lipa)] + Medlp ~pally,  Kolp) = [£) ~ L(po)] + A llp —paly

then (2) and (4) imply that ¢;C(p) < K;(p). We can derive from (7)

cQ Kl—(ﬁ) +M)\K1(ﬁ)

LK () < Ka(P) + ea(t) »

u

Using the assumption that aey (£) M, < 0.5, we obtain

C R IS Ki(p
K1) < 2ap) + 2en (Do T,

which can be regarded as a quadratic inequality of K11/2(13). Solving the inequality using
elementary algebra, we obtain:

R IS 4022 ey (t)?
K,(5) < tacky () + 1O
1
which immediately implies the theorem. O

Note that both D and M, goto zeroas A — oo, therefore the assumption aey (t) My < 0.5
can be satisfied as long as we pick A that is larger than a critical value Aq. Using the bound

M)y < Mg /X, we easily obtain the following result.

Corollary 3.1 Under the assumptions of Theorem 3.1. Assume also that the diameter of {2
is bounded by A: A = sup,, ,cq ||[P—q||=. Thenfor all A and an upper bound D) of D . If

2aDy > 1and A\/Dy > 32a2tM%,/n, we have with probability of at least 1 — 4 exp(—t),

L@SLWﬁ+MM@—ﬁ%M+MM%+q%y.

4 Examples

We will only consider empirical estimator { that minimizes L(p) in Q. In this case, [L(p) —

N

L(pq)] < 0in Corollary 3.1. We shall thus only focus on the third term.

Worst case effective dimensionality and generalization

In the worst case, we have Dy < MZ/\. Therefore if 8 < n, we can always let A =
4v/2aM3;1/t/n in Corollary 3.1 and obtain with probability at least 1 — 4 exp(—t):

& %

L(p) < L(pg) + 4a(3c; A2 M¥ + LY
1



Finite dimensional problems

We can use the bound D < dim(H). Therefore we can let A = 32 dim(H)a?tM% /n in
Corollary 3.1 and obtain:
2
o t
L(p) < L(pe) + 32 dim(H)a? MZ (3¢, A2 M + CC—Q)E.
1

It is well known that the rate of the order O(dim(H)/n) is optimal in this case.

Smoothing splines

For simplicity, we only consider 1-dimensional problems. For smoothing splines, the cor-
responding Hilbert space consists of functions p satisfying the smoothness condition that
[[p'® (2)]?dz is bounded (p(*) is the s-th derivative of p and s > 1/2). We may con-
sider periodic functions (or their restrictions in an interval) and the condition corresponds
to a decaying Fourier coefficients condition. Specifically, the space can be regarded as the
reproducing kernel Hilbert space with kernel

K(zy,22) = Z(k + 1) 2%(sin(kxy ) sin(kx2) + cos(kx1) cos(kxa)).
£>0

Now, using Proposition A.3, we have Dy < infp>q [2k+ # . Therefore

Dj-2. < £ Note that we may take M3 = 2/(2s — 1). Therefore assuming

(25 — 1)%n > 225H10502¢ we can let A = k=2¢ in Corollary 3.1 where k is the largest

integer such that k2s+1 < 5L U’n This gives the following bound (with probability at
least 1 — 4 exp(—t)).

L(p) < L(pa) +27*(

6c A% 2sa2t 2/t
-1 ¢ ((23—1)2n> '

This rate matches the best possible convergence rate for any data-dependent estimator.?

Exponential kernel

Exponential kernel has recently been popularized by Vapnik. Again for simplicity we con-
sider 1-dimensional problems where = € [—1, 1]. The kernel function is given by

n

K(x1,22) = exp(z122) Z
=0
Therefore Dy < infpxo[k + 2 + 555]. We obtain an upper bound L(p) < L(pa) +

1‘;‘1:“ , implying that the effective dimension is at most O(In n/ In Inn) for exponen-
tlalrf(erne s.

5 Conclusion

In this paper, we introduced a concept of scale-sensitive effective data dimension, and
used it to derive generalization bounds for some kernel learning problems. The resulting
convergence rates are optimal for various learning problems. We have also shown that the

2The lower bound is well-known in the non-parametric statistical literature (for example, see[3]).



effective dimension at the appropriate chosen optimal scale can be sample-size dependent
and behaves like 4/n in the worst case.

This shows that despite the claim that a kernel method learns a predictor from an infinite
dimensional Hilbert space, for a fixed sample size, the effective dimension is rather small.
This in fact indicates that they are not any more powerful than learning in an appropriately
chosen finite dimensional space. This observation also raises the following computational
question: given n-samples, kernel methods use n parameters in the computation but as
we have shown, the effective number of parameters (effective dimension) is not more than
O(+/n). Therefore it could be possible to significantly reduce the computational cost of
kernel methods by explicitly parameterizing the effective dimensions.

A Propertiesof scale-sensitive effective data dimension

We list some properties of the scale-sensitive data dimension D . Due to the limitation of
space, we shall skip the proofs. The following lemma implies that the quantity D, behaves
like dimension if the underlying space H is finite dimensional.

Proposition A.1 If H is a finite dimensional space, then D < dim(H). Moreover, for all
Hilbert spaces H, we have the following bound Dy < M /A, where My is defined in (5).

Proposition A.2 Consider the complete set of ortho-normal eigen-pairs {(A;, u;) : 4 > 1}
of the operator Ezqﬁzqﬁf, where u; - u; = 0if4 # j and u; - u; = 1. This gives the
decomposition: E,¢,¢T = 3. Nusu], where \; = E,u;(z)*. We have the identity:

_ Ai
Dyx=3% "

In many cases, we can find a so-called feature representation of the kernel function
K(x1,z2) = ¢, - ¢z, Insuch cases the eigenvalues Ay, can be easily bounded.

Proposition A.3 Consider the following feature space decomposition of kernel: ¢,, -
Gzo = »_; Yi(w1)i(x2), where each ¢; is a real valued function. If Ay > Ao - - -, then we
have the following bound: 37,5, Ai < By 37,5 %i(2)?. This implies

D) < inf
k>0

k+ sgpzwi(m)z’/)\] :

i>k
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