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Abstract

Three model selection criteria, the arc-cosine distance, the gener-
alised Fisher ratio and the normalised entropy, are applied to several
data sets sampled from different mixture models. Their performance
1s investigated and their ability to measure the mutual information be-
tween the components in a mixture model is compared. Experimental
results show that the Arc-Cosine distance criterion outperforms the
other two criteria.

1 Introduction

Choosing the right number of components in a mixture model is a difficult
problem and is encountered in many applications where a priori knowledge
about the distribution of the observed data is not available. When the objec-
tive is to partition a given data set into differentiate groups, it is implicitly
assumed that each group can be approximately sampled from one of the
mixture components.

Various self-adaptive algorithms have been proposed during the last few
years. Most of these techniques are based on pruning [9] the components of
which have minor importance, or growing [7] the model by adding new com-
ponents when novelty is detected. Others are based on criteria such as Akatke
Information Criterion (AIC)[1], Bayesian Information Criterion (BIC) [11],
Information Complexity Criterion (ICC) [2]. Recently, Richardson et al.
[10] developed a new technique which adapts the number of components and
their parameters jointly by using reversible jump Markov Chain Monte Carlo
{(MCMC) methods.
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In this article, three model selection criteria, the arc-cosine distance [12),
the generalised Fisher ratio (GFR) [13] and the normalised entropy [4] are
compared by applying them to data sets sampled from different synthetic
mixture models. Their performances are investigated and their abilities to
measure the mutual information between the components in a mixture model
are compared. In [4] the experimental results have shown improved perfor-
mance using the normalised entropy criterion compared to AIC, BIC and
ICC, so consequently these latter methods are not included in our compari-
son.

2 Three Criteria for Mixture Model Selection

A mixture model is defined as a linear combination of Gaussian distributions
¢i(x) in the form

M
y(x) = Z Aidi(x), (1)

where M is the number of Gaussian distributions in the model, \; are the
mazing weights, which are normalised,

M
> N=1 and A >0 (i=1,.,M), (2)

i=1

and ¢;(x) is the pdf of ith normalised Gaussian distribution x ~ N ( p;, Ci),
that is,

1 1 _
#i(x) = WGXP{—'Q'(X— w)TCT M x = )} (3)
2.1 Arc-Cosine distance

The arc-cosine distance [12] is used to measure the distance between two
Gaussian distributions ¢, and ¢- and is defined as

) = arccos ( < #1,92 > )

o1l -1 62 1l

where < -,- > is the inner product given by

(4)

< gy >= / 61(x) - $a(x)dx (5)
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and || . ”2 is the Lp-ﬂOl‘m (p = 2), defined as

161l = ([ lotpax) e )

The arc-cosine distance reduces to a Mahalanobis distance when the two
Gaussian distributions have the same covariance matrices. In the more gen-
eral case, if we want to measure the arc-cosine distance between a mixture
distribution ®3s and a Gaussian distribution ¢;, the inner product reduces
to a weighted sum of inner products between the Gaussians

M
< Bu, by >= Y N < $i(x), 45(x) > M
=1
where
< dix), (%) >= Il p (8)
” ¢i ”1 ” ‘I{’j “1
with
A =exp (—%(H;TCIIM + 0l Gty — Mfck'lm)> (9)
and
Ce = (Cit+cihH)™! (10)
e = (Gt +pC7Y) - Cy (11)

In order to find the number of components in a given mixture model, an
overestimated initial model is generated and its parameters are updated on
the data set using the EM algorithm [5]. Then a merging technique [12] is
applied to reduce the number of components in the overestimated model.

When a Gaussian mixture ®,,(x) with m Gaussian components is to be
merged into one, the zero, first and second order moments of the new merged
Gaussian ¢;(x) are calculated as

At = i/\k (12)
k=1
By = /@m(x)xdxzZ/\k/¢k(x)xdx:2/\kuk (13)
k=1 k=1
C; = By (%) - (x — 1) (x — ) Tdx =3 A | b (%) (x — 1) (x — 1) dx
J 0 ) ) = 30 [ o =
= Z/\m(Ck+(”k“Il’t)(l‘k“l‘t)T) (14)
k=1
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If the arc-cosine distance between a mixture of two Gaussians

B (x) = Xidi(x) + X85 (x) (15)

and their new merged component @y (x) is smaller than a threshold, then
the merging is accepted and this reduces the number of Gaussians by one in
the generated mixture model. Thus, calculating the number of components
is equivalent to find the best threshold. A probabilistic function P;(N;[A;)
is defined as follows

length(A;)

Fi(NijAi) = 5

(16)
which gives the highest probability to the best distance threshold: Here A;
is & continuous range of thresholds (in the distance range Q € [0, 7/2] ) un-
der which the number of components is equal to N;. After the probabilities
P;(N;|A;) for each interval are calculated, the underlying number of compo-
nents in the original mixture distribution can be estimated

Ncomponents = maxNi(Pi(NilAi))' (17)

2.2 'The Generalised Fisher ratio

Fisher ratio [6] is a common method for feature extraction in pattern recog-
nition and defined as:

f =trace(Cy + Ca) ™ det[(11q ~ o) (g1 — 12)T) (18)

where Cy, Cs, py and p, are the class covariance matrices and means for the
feature. The term C1 + C5 is a measure of the spread of the data around the
mean of each class and is referred to as an intra-class scatter matriz. The
second term (g8, — 1) (41 — p25)7 is a measure of the separation between the
classes and is referred to as an inter-class scatter matriz. It is easy to see
that this measure is maximum when the inter-class separation is maximised
and the intra-class spread is minimised.

In [8], the generalised Fisher ratio (GFR) has been defined for a multi-
class problem as:

1 ier 2gea M ”y (19)
m(m—1) Yo ;.n:l A

i=1

F=

where m is the number of classes, A; and A; are the mixing proportions
for classes i,j , and fj; is the Fisher ratio between classes 7, j as defined in
equation (18).

In the case of modelling the probability of each class with a single Gaus-
sian, the whole probability distribution can be expressed as a mixture model.

217



Assuming that there are as many classes as components, the optimal model
y(x) that matches the right number of components in the underlying mix-
ture distribution is the one that maximises the GFR. In order to find the
maximum GFR that corresponds to the optimal number of Gaussians, the
generalised Fisher ratio model selection algorithm [13] starts with an overes-
timated mixture model with more Gaussians than the number of expected
components in the underlying density distribution; then reduces the number
of Gaussians using the same merging technique [12]. In the proposed algo-
rithm, only the two nearest Gaussians are merged every time according to
their Euclidean distance. This reduces the number of Gaussians by one in
the mixture model. If the GFR, of the new model is greater than that of the
original model, then the new one is accepted, otherwise the new model is
rejected and the algorithm tries merging other pairs of Gaussians from the
original mixture model. This process is repeated until no more merging can
be achieved.

2.3 Normalised Entropy

The normalised entropy criterion (NEC) is proposed by Celeux, G. et al. [4]
for assessing the number of components in a mixture model. It is defined as

E

where L(m) = C'(m) + E(m) with

C(m) = Zztakln [P dr(xi)] (21

k=1i=1
B(m) = =Y > taln(ts)>
k=11i=1
C(m) is the classification mazimum likelihood [3] and
ik Ak P (xi) (22)

T (i)

The entropy term E(m) measures the overlap of the mixture components.
Experiments reported in [4] show improved results using the NEC method
compared to the performance of other criteria such as AIC, BIC, ICC.

3 Numerical Experiments and Results
In this section, the arc-cosine distance, the generalised Fisher ratio and the

normalised entropy criteria are applied to the synthetic problems. We com-
pare their abilities to match the number of components in several synthetic
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Arc-
Experiments cos | GFR | NEC

Experiment 1.1
p1 =02, pp =05, uz3 = 0.8 M=2 0 0 5
o1 =0.06, 05 = 0.05, o3 = 0.07 M=3 95 90 85
A1 =03, =04 A3=03 M=4 5 10 10
Experiment 1.2

100 | 41 = 0.15, us = 0.35, uz = 0.6, M=3 0 5 15
s = 0.8,0, = 0.04, oy = 0.05, M=4| 95 95 75
o3 =0.045, 04 = 0.03,A1 =0.25, | M =5 5 0 5
A2 =02, =025 =03 M=6 0 0 5
Experiment 1.1
H1 = 0.2, Ho = 0.5, H3 = 0.8
o1 = 0.06, o2 = 0.05, 03 = 0.07 M=3 100 95 90
M =03 A =04, A3 =03 M =4 0 5 10
Experiment 1.2
p1 = 0.15, uz = 0.35, uz = 0.6,

200 | py =0.8, 01 =0.04, 0 = 0.05, M=3 0 0 5
o3 =10.045,04=0.03, A\, =025, | M =4 100 100 90
A2 =02, A3 =0.25, \y = 0.3 M=5 0 0 5

Table 1: Percent frequencies of choosing M components for the univariate
distributions.

underlying mixture models. 20 data sets are sampled from each mixture
raodel. Three different types of Gaussian mixtures are considered: (1) uni-
variate Gaussian mixtures, (2) bivariate Gaussian mixtures with covariance
matrices which are scalar multiples of the identity matrix, and (3) bivariate
Gaussian mixtures with diagonal covariance matrices. For each type, two
distributions are simulated and for each simulated distribution, two data sets
are considered with different sizes.

We start with an overestimated mixture model with more Gaussians than
the components expected in the underlying model. The parameters of the
generated mixtures are updated by running the EM algorithm for 20 epochs.
Using the criteria described in section 2, the number of the components in
the underlying mixture model are estimated by reducing the Gaussians in
the generated model.

All the results for univariate and bivariate simulated distributions are
listed in tables 1, 2, 3 and 4. Not surprisingly, all the criteria perform better
for larger data sets. When running the algorithms with these criteria, the
NEC method has a complexity of O(m-n) for each calculation of the criterion
value for every mixture model; it is very time consuming when the size of
data set n is large. The arc-cosine distance and the GRF method have a
complexity of O(m?). Since the size of the data set n is much bigger than
the number of components m, the Arc-cosine distance and the GFR method
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Experiments Arc- | GFR | NEC
(Data set size = 200) cos

Experiment 2.1

ey, =1[0.8,0.5], my, =[0.5,0.2],
ps =[0.2,0.5], py = [0.5,0.8],
o1 = 0.045, o3 = 0.047,

o3 = 0.043, 04 = 0.032 M=3 0 0 5
A =0.25,i=1,...,4. M=4 100 100 95
Experiment 2.2

p, = [0.76,0.65], uy = [0.76,0.35],

s = [0.50,0.20], py = [0.24, 0.35],

ps = [0.24,0.65], pg = [0.50,0.80],

o1 = 0.050, 09 = 0.046, 03 = 0.040, | M = 4 0 5 10
o4 = 0.036, 05 = 0.030, 06 =0.022, | M =5 0 15 15
Xi=1/6,i=1,...,6. M=6 100 80 75

Experiment 3.1

p, =1[0.2,0.2], py = [0.5,0.8],
pis = [0.8,0.3],

C; = [0.005, 0;0,0.006],

Cs = [0.010, 0; 0, 0.009],

Cs = [0.006,0;0, 0.008],

A =032 =04 23 =023. M=3 100 100 100
Experiment 3.2

py = [0.78,0.60], 12, = [0.68,0.26],
s = [0.32,0.26], g = [0.21,0.60),
s = [0.50,0.80],

¢ = [0.0050,0; 0, 0.0060],

C> = [0.0075, 0; 0, 0.0080],

Cs = [0.0062, 0;0,0.0075],

Cy = {0.0045, 0;0,0.0050),

Cs = [0.0050, 0;0,0.0055],

A =0.2, Ay = 0.18, Az = 0.22,
As=0.15, As = 0.25.

I

5 5 20
15 20 20
80 75 60

i

===
Il
STt

Table 2: Percent frequencies of choosing M components for the bivariate
distributions with data set size of 200.
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Experiments Arc- | GFR | NEC
(Data set size == 300) cos

Experiment 2.1
py = [0.8,05], 1y = [0.5,0.2],
ps =[0.2,0.5], py =[0.5,0.8],
oy = 0.045, 05 = 0.047,
o3 = 0.043, 04 = 0.032
A =0.25:i=1,..,4. M=4 100 100 95
Experiment 2.2

= [0.76, 0.65], u, = [0.76,0.35],
[.1.3—[050 0.20], g2, = [0.24,0.35],
ps = [0.24,0.65], e = [0.50,0.80],

o1 = 0.050, o3 = 0.046, 3 = 0.040, | M = 4 0 0 5
04 =0.036, 05 = 0.030, 06 = 0.022, | M = 5 0 5 10
N =1/6i=1,..,6. M=6| 100 95 85

Experiment 3.1
=1[0.2,0.2], p, = {0.5,0.8],
u3 ={0.8,0.3],
C1 = [0.005, 0;0,0.006],
C, = [0.010,0;0,0.009],
C3 = [0.0086, 0;0,0.008],
A1 =03, A2 =04, A3 =0.3. M=3 100 100 100
Experiment 3.2
wy =[0.78,0.60], u, = [0.68,0.26],
s = [0.32,0.26], g1, = [0.21,0.60],
= [0.50, 0.80],
= [0.0050, 0; 0, 6.0060],
= [0.0075, 0;0,0.0080],
[
[

03 = [0.0062, 0;0,0.0075),
C4 = [0.0045, 0;0,0.0050},

Cs = [0.0050, 00, 0.0055], M=3 0 0 10
A1 =102, A3 =0.18, A3 = 0.22, M=4 5 5 10
As = 0.15, A5 = 0.25. M=5 95 95 | 80

Table 3: Percent frequencies of choosing M components for the bivariate
distributions with data set size of 300.

221



[ Experiments TArc—cos J GFR J NEC J

w(M) =3.0250 | pu(M)=3.0750 | p(M) = 3.0750
Experiment 1.1 | o(M) =0.1581 | o(M) = 0.2067 | o(M) = 0.3499
(M) = £.0250 | u(M) = 3.9750 | (M) =
Experiment 1.2 | o(M) =0.1581 | o(M) = 0.1581 | o(M) = 0.5064
u(M) =4 u(M) =4 u(M) =3.9750
Experiment 2.1 | o(M) =0 o(M)=0 o(M) =0.1581
W(M) =6 (M) =585 | u(M) =5.7250
Experiment 2.2 | o(M) =0 o(M) =0.4267 | o(M) = 0.5986
p(M) =3 (M) =3 p(M) =3
Experiment 3.1 | o(M) =0 o(M) =10 g(M)=0
u(M) =4.85 u(M)=4.825 | u(M)=4.55
Experiment 3.2 | o(M) = 0.4267 | o(M) = 0.4465 | o(M) = 0.7494

Table 4: Means p and standard deviations o of the number of components
M calculated by the three different methods.

run considerably faster than the NEC method.

From tables 1, 2 and 3, when the components in the underlying mixture
models are well separated, the three criteria work well and the differences
between them are not significant. However, for the second example in the
experiment 3, all the methods tend to underestimate the number of com-
ponents in the underlying mixture model when the size of data set is small
and when there is some overlapping between the components. Especially, the
NEC method has a tendency to merge some of the components even when
the size of the data set is increased. The GFR method has the intermediate
position between the NEC method and the arc-cosine distance, and the latter
has produced best results in most cases with more accurate means and lower
variances for the number of components chosen M, as shown in table 4.

4 Conclusion

This paper presents a study of the performance of three model selection crite-
ria, the Arc-cosine distance, the generalised Fisher ratio and the normalised
entropy, by applying them to data sets sampled from different synthetic mix-
ture models. These three criteria measure the mutual information or the
overlap between the components in a mixture model. The numerical ex-
periments show that the NEC has a tendency to underestimate the number
of components when there is some overlap between the components. The
GFR method produces better results compared to the NEC method in our
experiments and the arc-cosine distance has the best performance.
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