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Preface

This is the lecture notes for an Advanced Graduate Course on Statistical

Physics and Spin Glasses given by the author at ITP in the period of 21 Nov
2006 – 09 Jan 2006. This graduate course was aimed for students who have
some knowledge about statistical mechanics and who are interested in spin
glasses but without any background.

In these lecture notes, I do not attempt to be complete. Many important
topics are not mentioned. For each topic that is mentioned in these notes,
the basic concepts are introduced by working on some specific models.

I thank Dr. Yaogen Shu and Dr. Jianjun Zhou for their valuable helps
in typing out some parts of these notes.
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Chapter 1

Some Basic Concepts of

Statistical Physics

Classical Mechanics: macroscopic objects; few-body systems; energy scale
≫ thermal energy kBT .

Quantum Mechanics: microscopic objects (∼ 10−10m or even smaller);
few-body systems; energy scale ≫ thermal energy (usually).

Statistical Mechanics: many-body systems; internal interactions. It aims
at understanding the macroscopic properties of a given many-body sys-
tem in terms of microscopic interactions.

For the benefit of later discussion, here we introduce some basic concepts
of equilibrium statistical physics. The reader is referred to textbooks (e.g.,
[1, 2]) for more rigorous definitions of these concepts.

1.1 Subsystem

A subsystem in a statistical physical system is a part of an isolated sys-
tem (say, the whole universe). It also contains a huge number of particles.
The subsystem can exchange energy or even particles with its surrounding
environment (see Fig. 1.1).

Denote the energy of subsystem as E and its number of particles as N .
Since the subsystem is open, its energy E is not a constant; it will fluctuate
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8CHAPTER 1. SOME BASIC CONCEPTS OF STATISTICAL PHYSICS

arround certain averaged value 〈E〉 with time. However, when the system
size N is sufficiently large, it is usually the case that

〈E〉 ∝ N , (1.1)

while the standard deviation of the energy fluctuation is

σE ≡
√

〈E2〉 − 〈E〉2 ∝ N 1/2 . (1.2)

In typical cases, the number of particles in a system is at least of the order
N ∼ 1023. In such cases, σE/E ∝ N−1/2 → 0. In other words, the total en-
ergy (or more precisely, the energy density) of the subsystem can be regarded
as constant.

The microscopic state of the system is, of cause, not fixed. It will change
with time and form a very complicated trajectory in the phase space of the
subsystem.

closed system

subsystem

N,E

Figure 1.1: A macroscopic subsystem that is part of an isolated (closed)
system. The subsystem can exchange energy (and matter) with the remaining
part of the closed system.
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1.2 Ergodicity

Consider a subsystem whose number of particles is fixed. Denote the total
number of possible microscopic configurations of a subsystem as Ω. Some
of these configurations have energy that are markably deviated from the
mean energy 〈E〉 of the subsystem. As we know from the preceding section
that, these microscopic configurations has no contribution to the statistical
physical property of the subsystem. Only those microscopic configurations
with energy density equaling to the subsystem’s mean energy density will
contribute to the subsystem’s macroscopic property. Denote the total number
of such configurations as Ω(〈E〉). Usually, Ω(〈E〉) ≪ Ω.

The ergodicity concept means that, starting from any given intial config-
uration of the subsystem, the subsystem will be able to arrive at each of those
Ω(〈E〉) microscopic configurations sooner or later. The subsytem may move
from one microscopic configuration with energy density e = 〈E〉/N to another
microscopic configuration with the same energy density through other inter-
medient configurations of energy density e, or through other configurations
with energy density e′ 6= e.

1.3 Detailed balance and the microcanonical

distribution

Suppose subsystem is at configuration Sα(e) at time t. It will jumps to
another configuration Sβ(e) at time t + ∆t with probability Pα→β. For a
macroscopic subsystem at equilibrium, it is usually assumed that there is no
net flow in the system. In mathematical terms, this means that

Pα→β ≡ Pβ→α . (1.3)

Equation (1.3) is the so-called detailed balance condition. Notice microscopic
configurations Sα and Sβ have the same energy density as that of the mean
energy density of the subsystem.

With the assumption of ergodicity and detailed balance, it can be proven
that, at equilibrium, a macroscopic subsystem with mean energy density e
will stay at each of its miscropic configurations will equal probability. This
is the so-called microcanonical distribution:

ρmc(S(E)) =
1

Ω(Ne)
for E/N = 〈E〉/N , (1.4)
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= 0 otherwise . (1.5)

In the remaining part of this chapter, for simplicity of discussion, we
assume the energy of the subsystem is always equal to its average value and
denote this value just as E .

1.4 Temperature

The temperature is a measure of the thermal motion intensity of a subsystem.
We can define the temperature T of a macroscopic subsystem by many ways
which are mutually equivalent to each other as long as the number of particles
N in the subsystem is very huge (N ≫ 1023). Here we give the following
mathematical definition

1

T
= kB

d ln Ω(E)

dE , (1.6)

where E is the (average) energy of the subsystem as discussed in the preceding
section; and kB = 1.38 × 10−23 J/K is Boltzmann’s constant.

We can also define S(E) = kB ln Ω(E) as the entropy of the subsystem
(see also Sec. 1.8). Then Eq. (1.6) can be re-written as T−1 = dS(E)/dE .

As a simple example, let us consider the case of very weakly interacting
gas (or ideal gas) which is confined in a d-dimensional cubic box of volume
V . The total number of gas particles is N . The total energy E of the ideal
gas subsystem is

E =
N
∑

i=1

Ei =
N
∑

i=1

p2
i

2m
, (1.7)

where pi is the momentum of a gas particle and m is its mass. The mean
energy of the subsystem is regarded as fixed. Then the total number of
configurations of the subsystem is

Ω(E) =
1

h̄NN !

N
∏

i=1

∫

dridpiδ(E −
∑

i

p2
i

2m
)

=
1

h̄NN !
V N 2π

dN
2

Γ(dN
2

)
(2mE)

dN−1
2 . (1.8)

Inserting Eq. (1.8) into Eq. (1.6), we get that

1

T
=

dN − 1

2

kB

E =⇒ E =
dN − 1

2
kBT ≃ N d

2
kBT . (1.9)
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1.5 Boltzmann distribution

Let us in turn consider a subsystem (see Fig. 1.2) of the macroscopic sub-
system that has been discussed in Sec. 1.1–1.4. This sub-subsystem is the
physical system of our real interest (and we just referred to it as the physical
system). This physical system contains a total number of N particles, where
N is also a large number but with N ≪ N , the size of the subsystem.

closed system

subsystem physical system

Figure 1.2: A physical system (as denoted by the rectangular box) of interest.
This physical system is inside a large macroscopic subsystem which serves as
the thermal bath with constant temperature T .

The energy of the whole subsystem is

E(s,S′) = E(s) + E ′(S′) + ∆E(s,S′) . (1.10)

In Eq. (1.10), E is the internal energy of the physical system, which is a
function of the microscopic configuration s of the physical system only; E ′ is
the energy of the remaining part of the subsystem and S ′ denotes a micro-
scopic configuration of this remaining part; and ∆E is the interfacial energy
between the physical system and the remaining part of the subsystem.
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In the general case, the interfacial energy ∆E can be neglected compared
with the internal energy E of the physical system. Then, the probability
that the physical system take the particular configuration s is governed by
the Boltzmann distribution

ρ(s) ∝ exp(−βE(s)) , (1.11)

where β = (kBT )−1 is the Boltzmann factor. Here T is the temperature of
the subsystem as defined in Sec. 1.4.

Here we give a heuristic deduction of Eq. (1.11). The reader is advised
to consult a standard textbook (e.g., [1]) for a more rigorous understanding
of this equation.

According to the micro-canonical distribution Eq. (1.4), each configura-
tion of the subsystem with energy E is equiprobable. Therefore, the proba-
bility that the physical system be in a microscopic state s is proportional to
the total number of configurations Ω̃(E −E(s)) of the remaining part of the
subsystem with energy E − E(s). In other words,

ρ(s) ∝ Ω̃(E − E(s)) (1.12)

= exp
(

E−E(s)
∫

1

kBT (Ẽ)
dẼ

)

(1.13)

= exp
(

E
∫ 1

kBT (Ẽ)
dẼ −

E
∫

E−E(s)

1

kBT(Ẽ)
dẼ

)

(1.14)

= exp(−E(s)

kBT
) . (1.15)

In writing down Eq. (1.13), we have used Eq. (1.6) and the fact that the
subsystem is much larger than the physical system of interest.

A remark: Is the interfacial energy ∆E in Eq. (1.10) totally un-important
in understanding the macroscopic property of a given physical system? The
answer might be very subtle. If the physical system has a phase transition,
such an interfacial energy might become quite important at the phase tran-
sition point. It may even determine the order of the phase transition.
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1.6 Partition function

The normalization factor of the the Boltzmann distribution Eq. (1.11) is

Z(N, T ) =
∑

s

exp(−βE(s)) . (1.16)

Z(N, T ) is called the partition function. It is a weighted sum over all the
microscopic configurations of a physical system.

1.7 Free energy

The partition function is connected with the free energy of the physical sys-
tem by the following very important formula

Z(N, T ) ≡ exp
(

−βF (N, T )
)

=⇒ F (N, T ) ≡ −kBT ln Z(N, T ) , (1.17)

or, in other words

F (N, T ) ≡ −kBT ln
(

∑

s

e−βE(s)
)

. (1.18)

Equation (1.18) related the microscopic interactions of the physical system
with its macroscopic properties. The left-hand of Eq. (1.18), F (N, T ) is a
macroscopic thermodynamic quantity; on the other hand, the right-hand side
of Eq. (1.18) contains the weighted sum of all the microscopic configurations
of the physical system.

Equation (1.17) can be written in another form as

e−βF =
∑

E

Ω(E)e−βE =
∑

E

e−βE+lnΩ(E)

= N
∫

dǫeN(−βǫ+s(ǫ)/kB) , (1.19)

where

ǫ =
E

N
(1.20)

is the energy density of the physical system; and

s(ǫ) = kB
ln Ω(Nǫ)

N
(1.21)
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is the entropy density of the physical system at given energy energy density
ǫ.

When N → ∞ (the so-called thermodynamic limit), Eq. (1.19) indicates
that the free energy density is

f(T ) ≡ lim
N→∞

F (N, T )

N
= min

ǫ
[ǫ − Ts(ǫ)] . (1.22)

Equation (1.22) indicates that, at given environmental temperature T , the
macroscopic property of a physical system is determined mainly by those
macroscopic configurations whose energy density ǫ is at the minimum point
of ǫ − Ts(ǫ).

The mean internal energy of the physical system is

〈E〉 =
∑

s

E(s)ρ(s) =
∑

s

E(s)e−βE(s)

Z(N, T )
= −∂ ln Z

∂β
= F + β

∂F

∂β
. (1.23)

1.8 Entropy

The entropy of a physical system is a measure of its disorder at given tem-
perature T . It can be defined by the following mathematical formula

S(T ) = −kB

∑

s

ρ(s) ln ρ(s) . (1.24)

In information science, this definition is called the information entropy: it
measures the amount of information needed to fully describe a system.

From Eq. (1.24) it is easy to derive that

S(T ) =
〈E〉 − F

T
(1.25)

or, equivalently,

F (T ) = 〈E〉 − TS(T ) . (1.26)

In the thermodynamic limit of N → ∞, Eq. (1.26) is equivalent to Eq. (1.22).
This is because S(T ) = kB lnΩ(〈E(T )〉) in this limit.
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1.9 Fluctuations

The fluctuations of a thermodynamic quantity can be calculated by differen-
tiation of the partition function. For example,

〈E2〉 − 〈E〉2 =
∂2 ln Z(N, T )

∂β2
= −2

∂F

∂β
− ∂2F

∂β2
. (1.27)

Comparing Eq. (1.27) with Eq. (1.23), we see that the fluctuation of an
extensive quantity (such as the internal energy E) is of the same order as the
mean value of this extensive quantity.
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Chapter 2

Mean-Field Models of Phase

Transition

Phase transition is a central topic of equilibrium statistical physics. The
existence of a phase transition means the system under study has some sort of
singularity at the phase transition point, i.e., a minute variation in the control
parameter (such as temperature, magnetic field, presure, external force, ect.)
results in a dramatic change in the system’s macroscopic behavior. The most
frequently encountered phase transition in our every day life might be the
liquid–vapor transition of water at 100 ◦C.

Phase transitions can be divided into two general types: continuous phase
transitions and discontinuous (first-order) phase transitions. In terms of free
energy density, the distinctions between these twe types of phase transitions
are shown schematically in Fig. 2.1 for some mean-field models.

At the vicinity of a continuous phase transition, there is large fluctuations
in the order parameter. On the other hand, metastable states and hysterisis
are usually observed for systems with a dis-continuous phase transition. In
a finite-dimensional system, a metastable state is not thermodynamically
stable. This means that in the height of the free energy barrier between a
metastable state and a state of globule minimum free energy density is finite
even for an infinite system. This can be understood as follows. We denote
the free energy density of an equilibrium state by f , and that of a metastable
state by f + δf with δf > 0. Initially the system is supposed to be in the
metastable state. Now we perform a perturbation to the system such that,
inside the system a d-dimensional sphere of radius r is in the equilibrium

17



18 CHAPTER 2. MEAN-FIELD MODELS OF PHASE TRANSITION

T<TcT=TcT>Tc

Figure 2.1: Free energy density value (vertical axis) as a function of the
value of a general order parameter (horizontal axis) at temperatures above,
equaling, or below the phase transition temperature Tc. (Top panel) con-
tinuous phase transition. (Bottom panel) first-order phase transition in an
infinte-dimensional system.

state. The change in the free energy of the system is

−c1r
dδf + c2r

d−1δf ′ , (2.1)

where c1 and c2 are two numerical constants, and δf ′ is a positive free energy
density due to surface interactions. The first term of Eq. (2.1) comes from
volume effect and the second term of Eq. (2.1) comes from surface effect.
Equation (2.1) indicates that the free energy barrier between the metastable
state and the equilibrium state is of the order const× (δf)−d+1. This barrier
is finite as long as δf > 0. It becomes infinite only at the phase transition
point. (For an infinite-dimensional model system, the free energy barrier
between a metastable state and the true equilibrium state can be infinite,
however. This will become more clear in later models.)

Among continuous phase transitions, the second-order phase transition
is of the most importance. In what follows we study in some detail four
exactly solvable models to illustrate the concepts of first-order and second-
order phase transitions.
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We mention not at all the renormalization group approach to phase tran-
sitions. The interested reader is referred to stardard text books (e.g., [3, 4]).

2.1 Infinite-dimensional Ising model with two-

body interactions

The model Hamiltonian is

H(σ) = −J0

N

∑

1≤i<j≤N

σiσj , (2.2)

σ ≡ {σ1, σ2, . . . , σN} is a spin configuration with σi ∈ {−1, +1}; N is the
total number of vertices in the system; and J0/N is the coupling constant
between two vertices.

The partition function of the model is

Z(N) =
∑

σ

e−βH(σ) = e−βJ0/2
∑

σ

eN(βJ0/2)(
∑

i
σi/N)2

= e−βJ0/2
∑

q

N !

(N(1 + q)/2)!(N(1 − q)/2)!
eNβJ0q2/2

= e−βJ0/2

1
∫

−1

dq
2

(2πN(1 − q2))1/2
×

exp
(

N [−1 + q

2
ln

1 + q

2
− 1 − q

2
ln

1 − q

2
+

βJ0q
2

2
]
)

. (2.3)

In Eq. (2.3), the parameter q =
∑

i σi/N is the overlap of a spin pattern σ
with the spin-all-up pattern.

The free energy density of the system is

f 2∞
Ising = − lim

N→∞
1

Nβ
ln Z(N)

= min
−1<q<1

[

−J0q
2

2
+ T

1 + q

2
ln

1 + q

2
+ T

1 − q

2
ln

1 − q

2

]

. (2.4)

Figure 2.2 shows the value of the expression in the square brackets of Eq. (2.4)
as a function of the overlap q. When the temperature T > J0, the minimal
free energy density of Eq. (2.4) is located at q = 0; the system is in the



20 CHAPTER 2. MEAN-FIELD MODELS OF PHASE TRANSITION
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Figure 2.2: The free energy density of the infinite dimensional Ising model
as a function of the overlap q for different temperatures.

paramagnetic phase with no spontaneous magnetization. When T < J0, the
minimal free energy density of Eq. (2.4) is located at q = ±q0(T ) 6= 0; the
system is in the ferromagnetic phase, with spontaneous magnetization. The
paramagnet–ferromagnet phase transition occurs at T = Tc = J0. This phase
transition is a continuous phase transition, since the order parameter q0(T )
deviates from zero continuously as T is decreased below Tc. Actually, at the
vicinity of T = Tc, there is the following scaling relation:

q0(T ) ∝ (Tc − T )1/2 (0 < Tc − T ≪ Tc) (2.5)

Furthermore, the susceptibility of the system approaches infinity at the tran-
sition point:

χ =
∂q0(T, h)

∂h

∣

∣

∣

∣

∣

h=0

∝ |T − Tc|−1/2 (|T − Tc| ≪ Tc) (2.6)
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2.2 Infinite dimensional Ising model with many-

body interactions

The model Hamiltonian is

H(σ) = − J0

Np−1

∑

i1,i2,...,ip

σi1σi2 . . . σip , (2.7)

The free energy density of this system is

f p∞
Ising = min

−1<q<1

[

−J0q
p

p!
+ T

1 + q

2
ln

1 + q

2
+ T

1 − q

2
ln

1 − q

2

]

. (2.8)
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Figure 2.3: The free energy density of the infinite dimensional Ising model
with three-body interaction as a function of the overlap q for different tem-
peratures.

As an example, let us consider the case of p = 3 (three-body interaction).
Figure 2.3 shows the value of the expression in the square brackets of Eq. (2.8)
as a function of the overlap q. When the temperature T > 0.2914J0, the
minimal free energy density of Eq. (2.4) is located at q = 0; the system
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is in the paramagnetic phase with no spontaneous magnetization. When
0.2480J0 < T < 0.2914J0, the minimal free energy density is still located
at q = 0; however, a metastable state with q ≃ 0.95 appears. When T <
0.2480J0, the minimal free energy density is located at q ≃ 0.95 and the state
at q ≃ 0 becomes metastable. In this parameter regime, the system is in the
ferromagnetic phase with non-zero spontaneous magnetization. This phase
transition is a dis-continuous one, since the order parameter jumps at the
phase transition point Tc ≃ 0.2480J0.



Chapter 3

The Bethe-Peierls

Approximation and the Cavity

Method

There are in general two types of mean-field methods to study finite-connectivity
Ising model on a regular lattice. One is the Bragg-Williams approximation,
and the other is the Bethe-Peierls approximation [5]. The Bragg-Williams
approximation is discussed thoroughly in textbooks of statistical physics;
on the other hand, the idea of Bethe-Peierls approximation appears to be
less frequently mentioned. Here we describe the basic idea of the Bethe-
Peierls approximation in some detail by working on an exactly solvable finite-
connectivity model.

3.1 Ising model on a random regular graphs

We study the Ising model on a random regular graph GK . The graph has N
vertices and M = NK/2 edges which connect pairs of vertices. Each vertex
of graph GK is connected by K edges to other vertices of the graph. The
graph is otherwise completely random [6]. Denote E(GK) as the edge set of
graph GK .

Each vertex of the graph has a spin state σi ∈ {−1, +1}. Each spin con-
figuration of the system ~σN ≡ {σ1, σ2, . . . , σN} is associated with an energy

H(~σN) = −J0

∑

(i,j)∈E(GK)

σiσj , (3.1)

23
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where J0 is a coupling constant.

At this point, let us define the concept of cavity graphs [7, 8]. For the
present system, a cavity graph of N vertices is also a completely random
graph. Among its N vertices, m (≪ N) of which have vertex degree K − 1
[see Fig. 3.1 (left)], while all the other vertices have vertex degree K. These
m vertices of degree K −1 are referred to as the cavity vertices of this cavity
graph.

Figure 3.1: The cavity approach to the Ising model Eq. (3.1) on a random
regular graph of connectivity K ≡ 4. (Left) A part of a cavity graph with
2K cavity vertices. (Middle) Construction of a random regular graph of size
N from a cavity graph with 2K cavity vertices. (Right) Construction of a
random regular graph of size N +2 from a cavity graph of 2K cavity vertices.

At temperature T , the spins on each vertex of the cavity graph certainly
will fluctuate over time. Denote P (σi1 , σi2 , . . . , σim) as the joint probability
distribution of the spin values on m cavity vertices σi1 , σi2 , . . . , σim of a cavity
graph. In a random graph, the shortest path length between any two ran-
domly chosen vertices scales with the graph size N logarithmically (∼ ln N).
As the zeroth-order approximation, we may assume that P (σi1 , σi2 , . . . , σim)
can be written as the following factorized form

P (σi1 , σi2 , . . . , σim) ≃
m
∏

s=1

P (σis) =
m
∏

s=1

(ρ+
isδ

+1
σis

+ ρ−
isδ

−1
σis

) . (3.2)

In Eq. (3.2), P (σis) = ρ+
isδ

+1
σis

+ρ−
isδ

−1
σis

is the marginal distribution of the spin

value σis of the cavity vertex is, where ρ+
is + ρ−

is ≡ 1. Equation (3.2) is the
Bethe-Peierls approximation. It assumes statistical independence among the
spin states of the cavity vertices.
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To write down a self-consistent equation for the marginal probability
P (σi), we notice that a cavity vertex i in a graph of size N can be ob-
tained by the following way: First, generate a cavity graph of N − 1 vertices
and K − 1 cavity vertices; then, add a new vertex i and connect it to the
K − 1 cavity vertices. Denote ∂i as the nearest neighbors of vertex i in the
new graph. The partition function of the cavity vertex i is

zi =
∑

σi

∑

σj :j∈∂i

P ({σj}) exp
(

βJ0σi

∑

j∈∂i

σj

)

(3.3)

If we insert the factorized form Eq. (3.2) into Eq. (3.3), we obtain that

zi =
∏

j∈∂i

(ρ+
j eβJ0 + ρ−

j e−βJ0) +
∏

j∈∂i

(ρ+
j e−βJ0 + ρ−

j eβJ0) (3.4)

Then, the probability that vertex i takes the postive spin value is

ρ+
i =

∏

j∈∂i
(ρ+

j eβJ0 + ρ−
j e−βJ0)

∏

j∈∂i
(ρ+

j eβJ0 + ρ−
j e−βJ0) +

∏

j∈∂i
(ρ+

j e−βJ0 + ρ−
j eβJ0)

. (3.5)

A homogenous fixed-point solution of Eq. (3.5) is given by

ρ+
cv =

(ρ+
cve

βJ0 + (1 − ρ+
cv)e

−βJ0)K−1

(ρ+
cve

βJ0 + (1 − ρ+
cv)e

−βJ0)K−1 + (ρ+
cve

−βJ0 + (1 − ρ+
cv)e

βJ0)K−1 . (3.6)

We can also perform population dynamics iteration (see, e.g., [9]) to find a
steady state probability distribution of ρ+

i over all the (cavity) vertices of a
very large random regular graph. We found that this steady state population
dynamics solution converges to the stable fixed point of Eq. (3.6).

At equilibrium, the probability that a randomly chosen vertex of a ran-
doum regular graph to be in the spin state +1 is then

ρ+ =
(ρ+

cve
βJ0 + (1 − ρ+

cv)e
−βJ0)K

(ρ+
cve

βJ0 + (1 − ρ+
cv)e

−βJ0)K + (ρ+
cve

−βJ0 + (1 − ρ+
cv)e

βJ0)K . (3.7)

The spontaneous magnetization of the system is 〈m〉 = 2ρ+ − 1.
For the case of K = 4, the spontaneous magnetizationn 〈m〉 as a function

of temperature T is shown in Fig. 3.2, while the insert of Fig. 3.2 shows the
value of ρ+

cv as a function of temperature. At high temperatures T ≥ 2.886J0,



26CHAPTER 3. THE BETHE-PEIERLS APPROXIMATION AND THE CAVITY METHOD

the only stable solution of Eq. (3.6) is ρ+
cv = 1/2, i.e., the system is in the

paramagnetic phase, without any spontaneous magnetization. As the tem-
perature is lowered to T < 2.886J0, the order parameter ρ+

cv deviates from
1/2 gradually. In this later temperature region, the system is in the ferro-
magnetic phase, with non-zero spontaneous magnetization. A paramagnet–
ferromagnet phase transition occurs at the critical temperature T ≃ 2.886J0.
This phase transition is continuous (second-order).
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Figure 3.2: Magnetization of the Ising model on a random regular graph
with connectivity K ≡ 4. (Inset) the value of the order parameter ρ+

cv as a
function of temperature.

3.1.1 Energy density and entropy density

We now calculate the energy density and entropy density of the Ising model
Eq. (3.1) through the cavity approach [7, 8]. The energy density is denoted
as ǫ(K, T ), while the entropy density of the system at energy density ǫ is
denoted as Σ(K, ǫ).

Denote a random cavity graph with N vertices and 2K cavity vertices as
Gcv(N). According to Fig. 3.1 (middle), a random regular graph GK(N) of
N vertices can be obtained from such a cavity graph Gcv(N). One simply
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forms K pairs of vertices from the 2K cavity vertices of graph Gcv(N) and
then set up an edge between each formed pair of vertices. Denote the energy
of the cavity graph Gcv(N) as Hcv(N) and ∆E1 as the difference between
the energy of graph GK(N) and that of graph Gcv(N). Then we have the
following equation concerning the average values of these energies

Nǫ(K, T ) = 〈Hcv(N)〉 + 〈∆E1〉 . (3.8)

The energy difference ∆E1 is expressed as

∆E1 = −J0

∑

(i,j)∈e1

σiσj , (3.9)

where e1 denotes the set of newly added edges in going from Gcv(N) to
GK(N). To calculate the average of ∆E1, we consider the subgraph contain-
ing the 2K cavity vertices (i1, i2, . . . , i2K) of the cavity graph Gcv(N) as well
as the edge set e1. The partition function of this subgraph is

Z2K =
∑

σi1
,...,σi2K

P (σi1 , . . . , σi2K
) exp(−β∆E1) . (3.10)

If we insert the factorized form Eq. (3.2) of P (σi1 , . . . , σi2K
) into Eq. (3.10),

we finally obtain that

Z2K =
∏

(i,j)∈e1

[

(ρ+
i ρ+

j + ρ−
i ρ−

j )eβJ0 + (ρ+
i ρ−

j + ρ−
i ρ+

j )e−βJ0

]

. (3.11)

Consequently, we have

〈∆E1〉 = −∂ ln Z2K

∂β
(3.12)

= −J0

∑

(i,j)∈e1

(ρ+
i ρ+

j + ρ−
i ρ−

j )eβJ0 − (ρ+
i ρ−

j + ρ−
i ρ+

j )e−βJ0

(ρ+
i ρ+

j + ρ−
i ρ−

j )eβJ0 + (ρ+
i ρ−

j + ρ−
i ρ+

j )e−βJ0
. (3.13)

For the Ising model on the graph GK(N), the number of configurations
at energy density ǫ is ΩGK

(Nǫ) = exp(NΣ(K, ǫ)). Concerning the entropy
density Σ(K, ǫ) of graph GK(N), we have the following equation [7, 8]

exp
(

NΣ(K, ǫ)
)

=
∫

exp
(

NΣcv(ǫ − ∆E1/N)
)

Prob(∆E1)d∆E1 , (3.14)
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where Σcv(ǫ
′) is the entropy density of the cavity graph Gcv(N) at energy

density ǫ′. In Eq. (3.14), Prob(∆E1) is the (un-reweighted) probability that,
after the K edges in the edge set e1 are added, the energy increase in the
system is ∆E1. The expression for this probability is

Prob(∆E1) =
∑

{σi,σj :(i,j)∈e1}

∏

(i,j)∈e1

P (σi)P (σj)δ
(

∆E1 + J0

∑

(i,j)∈e1

σiσj

)

.

(3.15)
From Eq. (3.14), we then obtain that

NΣ(K, ǫ) = NΣcv(ǫ) + ln
(

∫

e−
∂Σcv(ǫ)

∂ǫ
∆E1Prob(∆E1)d∆E1

)

(3.16)

= NΣcv(ǫ) + ln
(

∫

e−β∆E1Prob(∆E1)d∆E1

)

. (3.17)

In going from Eq. (3.16) to Eq. (3.17), we have used the condition that, when
the energy density ǫ in Eq. (3.16) is equal to the equilibrium energy density
of the system, then

β =
∂Σcv(ǫ)

∂ǫ
(3.18)

According to Fig. 3.1 (right), a random regular graph GK(N + 2) with
N + 2 vertices can be obtained from a cavity graph Gcv(N) of N vertices
and 2K cavity vertices. This is achieved by adding two new vertices (i =
N + 1, N + 2) and connect each of them to K cavity vertices of Gcv(N).
Similar to Eq. (3.8), we can write down the following equation concerning
the change in the energy of the system

(N + 2)ǫ(K, T ) = 〈Hcv(N)〉 + 〈∆E2〉 , (3.19)

where

∆E2 = −J0

N+2
∑

i=N+1

∑

j∈∂i

σiσj (3.20)

is the energy increase caused by the addition of the two new vertices. The
partition function Z2K+2 for the subraph involving the two new vertices and
their nearest neighbors can easily be written down. The final result reads

Z2K+2 = zN+1zN+2 , (3.21)
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where zi is given by Eq. (3.3). Similar to Eq. (3.13), we find that

〈∆E2〉 = −∂ ln Z2K+2

∂β
= −∂ ln zN+1

∂β
− ∂ ln zN+2

∂β
(3.22)

= −J0

N+2
∑

i=N+1

∑

j∈∂i

ρ+
j eβJ0−ρ−j e−βJ0

ρ+
j eβJ0+ρ−j e−βJ0

∏

k∈∂i
(ρ+

k eβJ0 + ρ−
k e−βJ0)

∏

k∈∂i
(ρ+

k eβJ0 + ρ−
k e−βJ0) +

∏

k∈∂i
(ρ+

k e−βJ0 + ρ−
k eβJ0)

+J0

N+2
∑

i=N+1

∑

j∈∂i

ρ+
j e−βJ0−ρ−j eβJ0

ρ+
j e−βJ0+ρ−j eβJ0

∏

k∈∂i
(ρ+

k e−βJ0 + ρ−
k eβJ0)

∏

k∈∂i
(ρ+

k eβJ0 + ρ−
k e−βJ0) +

∏

k∈∂i
(ρ+

k e−βJ0 + ρ−
k eβJ0)

.

(3.23)

Combining Eqs. (3.8) and (3.19), we obtain the following expression for
the energy density of the system

ǫ(K, T ) =
1

2
〈∆E2〉 −

1

2
〈∆E1〉 . (3.24)

Similar to Eq. (3.17), the entropy of the graph GK(N +2) is expressed as

(N + 2)Σ(K, ǫ) = NΣcv(ǫ) + 2βǫ + 2 ln(2) + ln
(

∫

e−β∆E2Prob(∆E2)d∆E2

)

,

(3.25)
where

Prob(∆E2) =
1

4

N+2
∏

i=N+1

[

∑

σi

∑

σj :j∈∂i

∏

j∈∂i

P (σj)
]

δ
(

∆E2 + J0

N+2
∑

i=N+1

∑

j∈∂i

σiσj

)

.

(3.26)
In Eq. (3.25), the term 2 ln(2) results from the total number of configurations
of the two newly added vertices (i = N + 1, N + 2). Combining Eqs. (3.17)
and (3.25), we obtain the following expression for the entropy density of the
system

Σ(K, ǫ) = βǫ + ln(2) +
1

2
ln

(
∫

e−β∆E2Prob(∆E2)d∆E2

)

−1

2
ln

(
∫

e−β∆E1Prob(∆E1)d∆E1

)

. (3.27)

In the above equation, ǫ is the energy density of the system at temperature
T . The free energy density of the system is then

f(K, T ) = ǫ(K, T ) − TΣ(K, ǫ(K, T )) . (3.28)
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Figure 3.3 shows the equilibrium energy density, entropy density, and
free energy density of a Ising model on a random regular graph of K ≡
4. At the paramagnet–ferromagnet transition point T ≃ 2.886J0, both the
energy density and the entropy density have a kink; however, the free energy
density and its first-order derivative with respective to temperature are both
continuous. This confirms the conclusion that the paramagnet–ferromagnet
transition is a continous phase transition.
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temperature (J_0)
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0

entropy density
energy density
free energy density

Figure 3.3: Equilibrium entropy density, energy density, and free energy
density for the Ising model Eq. (3.1) on a random regular graph with vertex
degree K = 4. Enegy unit is J0.

3.2 p-spin interaction Ising model on random

regular graphs

In this section we extend the cavity method of the preceding section to more
general Ising spin models. Consider a Hamiltonian of the following form

H(~σN) =
∑

a

Ea , (3.29)

where Ea is the energy associated with an elementary interaction a involving
p spins i1, i2, . . . , ip:

Ea = −J0σi1σi2 . . . σip = −J0

∏

i∈∂a

σi . (3.30)
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In Eq. (3.30), the symbol ∂a denotes the set of spins that are directly in-
volved in the elementary interaction a. The model as defined by Eqs. (3.29)
and (3.30) can be represented by a factor graph [10] as shown in Fig. 3.4:
Each spin of the model system is mapped to a variable node (i, j, k, . . .), and
each interaction is mapped to a function node (a, b, c, . . .). An edge (a, i)
connecting a function node a and a variable node i is created if and only if
the spin σi participates in the interaction a. The set of nearest neighbors of
a variable node i is denoted as ∂i.

c

i

j k

a

b

Figure 3.4: Cavity approach to the Ising model with random three-body
interactions (p = 3) and variable node connectivity K ≡ 3. Circles represent
variable nodes and squares represent function nodes. The figure shows the
neighborhood of variable node i.

In this section, we focus on completely random regular factor graphs in
which each variable node has K connections and each function node has p
connections. To study the statistical physical properties of the p-spin inter-
action Ising model on such a random regular factor graph, we can introduce
the concept of cavity factor graphs [7, 8]. A cavity factor graph G

(cv)
K,p (N, m)

is a factor graph with N variable nodes and (KN −m)/p function nodes: (1)
among its N variable nodes, m of them have vertex degree K−1, while all the
others have vertex degree K; (2) each function node is connected to p vari-
able nodes; and (3) the graph is randomly connected under the constraints
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Figure 3.5: Magnetization of an three-body interaction Ising model on a
random regular factor graph with connectivity K ≡ 4. (Inset) the value of
the order parameter ρ+

cv as a function of temperature.

(1) and (2). The m variable nodes of degree K − 1 in graph G
(cv)
K,p (N, m) are

referred to as the m cavity vertices of this cavity factor graph.
To calculate the alighnment probability ρ+

i that a cavity vertex is in the

spin positive state, we can first generate a cavity factor graph G
(cv)
K,p (N −

1, (p−1)(K−1)) of (p−1)(K−1) cavity vertices, then we add variable node
i and connect it to these old cavity vertices through K − 1 function nodes.
An iteration equation for ρ+

i can be obtained. For the case of p = 3, the final
fixed-point equation for ρ+

i is

ρ+
i ≡ ρ+

cv =

(

(1 − 2ρ+
cv(1 − ρ+

cv))e
βJ0 + 2ρ+

cv(1 − ρ+
cv)e

−βJ0

)K−1

∑

σ=±1

(

(1 − 2ρ+
cv(1 − ρ+

cv))e
σβJ0 + 2ρ+

cv(1 − ρ+
cv)e

−σβJ0

)K−1 .

(3.31)
The probability ρ+ for a randomly chosen spin of the model to be positive is
then

ρ+ =

(

(1 − 2ρ+
cv(1 − ρ+

cv))e
βJ0 + 2ρ+

cv(1 − ρ+
cv)e

−βJ0

)K

∑

σ=±1

(

(1 − 2ρ+
cv(1 − ρ+

cv))e
σβJ0 + 2ρ+

cv(1 − ρ+
cv)e

−σβJ0

)K . (3.32)
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Figure 3.6: Equilibrium entropy density, energy density, and free energy
density for the ferromagnetic phase (solid lines) and paramagnetic phase
(dashed lines) of the three-body interaction Ising model on a random regular
factor graph of K = 4. Energy and temperature both are in units of J0.

For the case of p = 3 and K = 4, Fig. 3.5 shows the behavior of the order
parameter ρ+

cv as well as that of the spontaneous magnetization 〈m〉 = 2ρ+−1.
Equation (3.31) has a fixed-point solution of ρ+

cv = 1/2. This solution is
locally stable in the whole temperature regime of T > 0; it corresponds
to the paramagnetic phase of zero spontaneous magnetization. When the
temperature T is less than 1.63J0, another stable solution of Eq. (3.31) with
ρ+

cv > 0.9 appears. This later solution corresponds to the ferromagnetic
phase. At T ≤ 1.63J0, whether the system is in the paramagnetic phase or
in the ferromagnetic phase is not known at the moment. We must compare
the free energy densities of these two phases to find the true phase transition
point. The paramagnet–ferromagnet phase transition of the present system
is discontinuous (first-order).

To calculate the energy density and entropy density from the cavity ap-
proach, we can first generate a cavity factor graph G

(cv)
K,p (N, p(p − 1)K) of

with p(p − 1)K cavity vertices. A factor graph GK,p(N) can be generated
from this cavity factor graph by adding (p − 1)K new function nodes and
then connecting each of these new function nodes to p cavity vertices. On the
other hand, a factor graph GK,p(N +p) can also be generated from the cavity

factor graph G
(cv)
K,p (N, p(p − 1)K) by adding p new variable nodes as well as
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pK new function nodes. The final equilibrium expressions of the enenrgy,
entropy, and free energy density are a little bit lengthy, therefore, we do not
write down the explicit expressions here. For the case of K = 4 and p = 3,
the energy, entropy, and free energy densities are calculated numerically and
shown in Fig. 3.6. From this figure we know that, in the tempreature regime
of 1.2066J0 < T < 1.63J0, the free energy density of the ferromagnetic phase
is higher than that of the paramagnetic phase. This means that the ferro-
magnetic phase is only a metastable phase in this temperature regime. An
equilibrium paramagnet–ferromagnet phase transition occurs at temperature
T ≃ 1.2066J0. Below this temperature, the ferromagnetic phase is the true
equilibrium phase, while the paramagnetic phase is only a metastable phase.

3.3 Going beyond the Bethe-Peierls approx-

imation

To go beyond the Bethe-Peierls approximation, one should consider the cor-
relations among the cavity vertices, which are caused by loops. For recent
development along this line of research, see [11, 12].



Chapter 4

Structural Phase Transitions in

Macromolecule Systems

As an application of statistical mechanics, in this section we study structural
phase transitions in single macromolecules. Three examples will be given,
namely the denaturation transition of double-stranded DNA, melting of RNA
secondary structures, and the collapse transition of two-dimensional flexible
and semiflexible polymers.

4.1 Denaturation of double-stranded DNA

DNA is the genetic material of most life forms on the earth. It is a double-
stranded polymer made of four nucleotide bases A, T, G, and C (see Fig. 4.1).
The two strands are bound together by the formation of hydrogen-bonded
base-pairs A-T and G-C. The double-stranded structure is further stabilized
by base-pair stacking interactions, which are short-ranged potentials between
two adjacent base-pairs [13, 14]. Compared to a covalent bond, a hydrogen
bond is very weak. The energy needed to break a hydrogen bond is compara-
ble to thermal energy at room temperature of T ≃ 300 K. Experimentally, it
has been known for many years that when a solution of DNA macromolecules
is heated to about 80 ◦C, the base-pairs in the DNA double-helix break up
cooperatively and the two DNA strands dissociate from each other to form
two separated random coils. This phenomenon is referred to as DNA denat-
uration [13]. (The two strands of a DNA can also be separated by external
stretch [15], but we will not discuss this issue here.)

35
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Figure 4.1: local structure of double-stranded DNA.

Here we introduce the Poland-Scheraga model of DNA thermal denatu-
ration [16, 17]. In this model, each base-pair exists either in a base-paired
state or in an un-paired open state. A segment of DNA that contains only
paired base-pairs is called a double-helical segment, and a segment that is
composed completely of opened base-pairs is referred to as a denatured coil
segment. DNA could be regarded as a linear chain of double-helical seg-
ments and denatured segments, with these two types of segments occur in
alternative order (see Fig. 4.2, left panel). When two DNA segments come
close together each other, there are excluded volume interactions. Excluded
volume interactions also exist between nucleotide bases in a single denatured
DNA segment. At first, let us discard any excluded volume effect and focus
only on the base-pairing and base-pair stacking interactions. Without loss of
generality, we assume the first and the last pair of bases of DNA are always
in the paired state. Our purpose is to calculate the free energy density of the
system in the limit of infinite long chain length.

Denote the partition function of a DNA double-helical segment of of nh

(nh ≥ 1) base-pairs by Zh(nh), and that of a denatured coil segment of
nc (nc ≥ 1) base-pairs as Zc(nc). The whole DNA polymer may in the
double-helix configuration, or there may be many double-helix segments and
denaturation bubbles (see Fig. 4.2, left panel). The total partition function
of a DNA of N base-pairs is obtained by summarizing the contributions from
all possible configurations [18]:

Z(N) = Zh(N) +
∑

s=1

∑

nh0
,...,nhs

∑

nc1 ,...,ncs

δ(
s

∑

i=0

nhi
+

s
∑

j=1

ncj
, N)Zh(nh0)

s
∏

m=1

[Zh(nhm)Zc(ncm)] .
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F

Figure 4.2: DNA denaturation transition. Left panel shows DNA thermal
denaturation. Right panel corresponds to force-induced DNA unzipping.

(4.1)

The generating function of Eq. (4.1) is

G(z) =
∑

N=1

Z(N)zN =
Gh(z)

1 − Gh(z)Gc(z)
. (4.2)

In Eq. (4.2), Gh(z) and Gc(z) are, respectively, the generation function of the
partition function of a double-helical segment and a denatured coil segment:

Gh(z) =
∞
∑

nh=1

Zh(nh)z
nh , (4.3)

Gc(z) =
∞
∑

nc=1

Zc(nc)z
nc . (4.4)

For a helical segment of nh base-pairs, the free energy is −nhǫb−(nh−1)ǫs

due to base-pairing (ǫb) and base-pair stacking (ǫs). Therefore

Gh(z) =
zeβǫb

1 − zeβ(ǫb+ǫs)
. (4.5)



38CHAPTER 4. STRUCTURAL PHASE TRANSITIONS IN MACROMOLECULE SYSTEMS

The partition function Zc(nc) is calculated as follows. A single-stranded
DNA segment can be modeled as a freely-jointed chain of bond length b ≃ 1.7
nm, with each bond corresponding to about three nucleotide bases. A DNA
denaturation bubble of nc base-pairs therefore corresponds to a freely-jointed
chain of 2(nc+1)/3 bonds, with the additional constraint that the two ends of
the chain should be separated no more than distance a apart, where a ≃ 0.3
nm is the base-pairing interaction range. Then

Zc(nc) = Ω2(nc+1)/3
∫

|R|≤a

dR
2(nc+1)/3

∏

j=1

[
∫

dtj/4π]δ(R − b
2(nc+1)/3

∑

l=1

tj) (4.6)

≃ (2/3π)(a/b)3Ω2(nc+1)/3

∞
∫

0

p2(
sin p

p
)2(nc+1)/3dp

= (6/π)1/2(a/b)3Ω2(nc+1)/3(2(nc + 1)/3)−γ (for nc ≫ 1)(4.7)

≃ c0
enhsc

nγ
c

. (4.8)

In the above equations, Ω denotes the total number of microscopic config-
urations of a bond, and sc is the entropy of a single free nucleotide base;
the exponent γ = 3

2
. The scaling of the partition function of a denaturation

bubble with bubble size, Zc(nc) ∝ n−3/2
c , is completely caused by entropic

constraint of chain closure. Combining Eq. (4.4) and Eq. (4.8), one observes
that the point z = zc = e−sc is the smallest positive singular point of Gc(z).
At this point, Gc(zc) is finite but G′

c(zc) ≡ dGc/dz|zc is divergent.
Based on Eq. (4.5) and Eq. (4.8), Eq. (4.2) is re-written as

G(z) =
zeβǫb

1 − zeβ(ǫb+ǫs) − zc0eβǫb
∑∞

nc=1
(zesc )nc

n
3/2
c

. (4.9)

The free energy density of the system g(T ) is related to the partition function
by Z(N) = exp(−Nβg(T )). Then according to Eq. (4.2), the free energy
density g(T ) is related to the smallest positive sigular point of G(z) through

g(T ) = kBT ln z0 , (4.10)

where z0 is the smallest positive singular point of function G(z).
G(z) has two singular points: one is at z = exp(−scoil) and the other is

at the point where 1/G(z) = 0. At low temperatures, the free energy of the
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whole system is determined by the second singular point; the system is in the
double-helical phase. As temperature is increased, the second singular point
approaches the first one, marking the transition from a native DNA into a
denatured DNA. The transition is second-order, because at the transition
point the free energy density is continuous and its first-order derivative with
respect to temperature is also continuous [16, 18].

4.1.1 Excluded-volume effect

The above-mentioned model predicts a second-order DNA denaturation tran-
sition. However, on the experimental side it is generally believed that DNA
denaturation is a first-order phase transition. Therefore, something very
significant is still missing in the Poland-Scheraga model.

How will the phase-diagram of DNA denaturation be changed if excluded-
volume effect is taken into account? From our preceding discussion, it is
obvious that the value of γ in Eq. (4.8) could influence the order of the
denaturation transition. If γ > 2 the transition will be first-order, according
to Lifson’s general argument [18].

Many analytical and computational efforts have been made to include
excluded-volume effect in the Poland-Scheraga model. In 1966, Fisher [19]
suggested a modified Poland-Scheraga model to include the excluded-volume
effect between the two strands of each denaturation bubble. He found that
γ ≃ 1.75 by this modification, so the transition is still second-order. Later
on, many theoretical and Monte Carlo simultion investigations (reviewed in
[20]) suggested that, when excluded volume effect is fully considered, the
DNA denaturation transition should become first-order. For example, Kafri,
Mukamel and Peliti [21] in their theoretical work has taken into account
the excluded volume effect between a denaturation bubble and the remained
part of the whole polymer chain. They found that this excluded volume
effect makes the scaling exponent γ in Eq. (4.8) to exceed 2.0.

4.2 Secondary structure formation in RNA

In biological bodies RNA usually exists as a single-stranded biopolymer.
Similar as DNA, it is also formed by four types of nucleotide bases, G, C, A,
and U (Uracil). Two types of canonical Watson-Crick base-pairs, A-U and
G-C, can be formed. The non-Watson-Crick base-pairing pattern G-U is also
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Figure 4.3: A schematic representation of a RNA secondary structure.

quite common in RNA structures. Here we investigate the stability of RNA
secondary structures. By the secondary structure we mean the following
picture: The position of each nucleotide base along RNA chain with respect
to the 5′-end of RNA is specified by an integer index i. Suppose in a RNA
secondary structure, nucleotide base at position i and position j (with j > i)
form a base-pair denoted as pair (i, j), and nucleotide base at position k
and position l (l > k) forms another base-pair (k, l). Then it is required
that base-pairs (i, j) and (k, l) are either independent, with j < k, or nested,
with i < k < l < j (see Fig. 4.3). In an actual RNA configuration, some
base-pairs may violate these conditions. These base-pairs are classified into
the higher-order tertiary structure of RNA. For RNA the main contribution
to the free energy is from its secondary structures. Energy contributions
from RNA tertiary structures could be regarded as perturbations to the free
energy of the system. This separation of energy scales makes the study of
RNA secondary structure of particular interest.

When a RNA folds back onto itself and nucleotide bases form base-pairs,
many double-helical segments appear. For a RNA made of random sequences,
because the correlation along the RNA chain is very weak, each such double-
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helical segment in general is very short (of several base-pairs). Such short
double-helica segments are very easy to be destroyed. Therefore, secondary
structures of a random-sequence RNA are transient, with typical life-time
of the order of microseconds. The polymer could easily fluctuate from one
secondary structure to another when the environmental temperature is not
too low. Entropy plays an important role here.

When one end of the RNA is fixed and the other end is pulled with an
external force, it may be energetically unfavorable for the polymer to fold
back and form double-helical segments. At some critical force, there is a
so-called globule–coil structural transition, where the polymer is stretched
considerably straight. As a first step to understand the elastic property of a
random-sequence RNA, one can average over the sequence randomness and
regard RNA as an effective chain with homogeneous sequence [22]. The RNA
chain is modeled as n + 1 beads connected sequentially by n rigid rods of
fixed length b. Denote the end-to-end distance vector of such a rigid rod as
r, then the distribution of r is

µ(r) =
1

4πb2
δ(|r| − b) . (4.11)

In the absence of external force, the partition function of a RNA segment
(1, n) is denoted as Z0(1, n; r), where r is the end-to-end distance vector of
the RNA segment. When only secondary structures are considered, one can
write down the following recursive equation for Z0(1, n; r:

Z0(1, n; r) =
∫

dr1dr2Z0(1, n − 1; r1)µ(r2)δ(r − r1 − r2)

+ Θ(a − |r|)(eβǫb − 1)
3

∏

i=1

∫

driµ(r1)Z0(2, n − 1; r2)µ(r3)δ(r −
3

∑

i=1

ri)

+
n−2
∑

m=2

∫ 4
∏

i=1

driΘ(a − |r2 + r3 + r4|)(eβǫb − 1)

× Z0(1, m − 1; r1)µ(r2)Z0(m + 1, n − 1; r3)µ(r4)δ(r −
4

∑

i=1

ri) , (4.12)

where Θ(x) is the Heaviside step function; ǫb is the base-pairing energy.
In the homogeneous chain approximation, the partition function Z0(i, j; r)

depends only on the length j − i + 1 of the RNA chain, i.e., Z0(i, j; r) ≡
Z0(j− i+1; r). The boundary condition is Z0(1; r) ≡ µ(r). Under the action
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of an external force f , the partition function of a RNA chain with n bonds is

Z(n; f) =
∫

drZ0(n; r)eβf ·r . (4.13)

Based on Eq. (4.12), one can write down the following recursive equations
for Z(n; r):

Z(1; f) = µ̃(f) , (4.14)

Z(2; f) = Z(1; f)µ̃(f) , (4.15)

Z(3; f) = Z(2; f)µ̃(f) +
eβǫb − 1

(2π)3

∫

dpv(f ,p)µ̃2(−ip/β)Z(1;−ip/β) , (4.16)

Z(n; f) = Z(n − 1; f)µ̃(f) +
eβǫb − 1

(2π)3

∫

dpv(f ,p)µ̃2(−ip/β)Z(n − 2;−ip/β)

+
n−3
∑

m=1

Z(m; f)
eβǫb − 1

(2π)3

∫

dpv(f ,p)µ̃2(−ip/β)Z(n − m − 2;−ip/β) ,(4.17)

where

µ̃(f) ≡
∫

drµ(r)eβf ·r =
sinh βbf

βbf
, (4.18)

and
v(f ,p) =

∫

drΘ(a − |r|)eβf ·r+ip·r . (4.19)

The generation function of the partition function Z(n; f) is then

G(z; f) ≡
∞
∑

n=1

znZ(n; f) (4.20)

=
(

1 + G(z; f)
)(

zµ̃(f) + z2 eβǫb − 1

(2π)3

∫

dpv(f ,p)µ̃2(−i
p

β
)G(z;−i

p

β
)
)

.(4.21)

From Eq. (4.21) one can write down the following equation for G(z; f):

G(z; f) =
zµ̃(f)ω(z; f)

1 − zµ̃(f)ω(z; f)
, (4.22)

where

ω(z; f) = 1 +
z

µ̃(f)

eβǫb − 1

(2π)3

∫

dpv(f ,p)µ̃2(−i
p

β
)G(z;−i

p

β
) . (4.23)
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ff

Figure 4.4: Stretching RNA by an external force. A given configuration of a
RNA chain can be divided into three parts: two stretched coil segments at
both ends, and a complicated globular domain in the middle.

According to the discussion in the previous subsection, we know that the
free energy density of the system corresponds to the smallest positive singular
point of the generation function G(z; f). At given temperature T , when the
external force is less than some threshold value fc(T ), the polymer is in a
globular phase, with the configuration of RNA fluctuating frequently between
many transient secondary structures. The average extension of the polymer
is zero. When the force is larger than fc(T ), the polymer is in the stretched
coil phase, with few base-pairing interactions. A careful analysis based on
Eq. (4.22) and Eq. (4.23) has lead to the conclusion that the force-induced
globule–coil transition of RNA is a second-order phase transition process [22].
One can also calculate the elongation of the RNA polymer along the force
direction. Here we did not repeat such an analysis but tries to understand the
reason for the second-order phase transition from an alternative approach.

The RNA configuration could be divided into three parts: two stretched
coil segments at the ends and a (complicated) globular segment in the middle
(see Fig. 4.4). The partition function of a coil segment of nc bonds has a very
simple scaling form of Zc(n, f) ∼ e−ncβgc(f), where gc(f) is the free energy
density of a stretched coil segment under the action of an external force f .
The partition function Zg(ng) of a globular segment has the following scaling
form:

Zg(ng) ∼ n
− 3

2
g e−ngβgg , (4.24)
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where gg is the free energy density of the RNA chain in the globular state.
Most importantly, we notice the scaling exponent γ = 3/2 in Eq. (4.24).
Since this scaling exponent is in the range of 1 < γ < 2, we know from the
Lifson argument [18] that the globule–coil transition must be a second-order
phase transition. The scaling exponent γ = 3/2 is caused by the formation
of loops in the RNA globular structure [23]. We now give an analytical
deduction of Eq. (4.24).

Assume each base of a RNA chain can take only two possible states: in
the coil state or form a base-pair with another monomer. In the absence of
external force, the partition function of a RNA chain with n bonds can be
expressed by the following recursive equation

Zg(n) = Zg + eβǫbZg(n − 2) +
n−3
∑

l=1

Zg(l)e
βǫbZg(n − l − 2) , (4.25)

with Zg(0) ≡ 1. The generation function of Zg(n) is

Gg(z) =
+∞
∑

n=1

Zg(n)zn . (4.26)

Combining Eq. (4.25) and Eq. (4.26) leads to the following expression

Gg(z) =
1

2qz2
(1 − z − 2qz2 −

√

(1 − z)2 − 4qz2) , (4.27)

where q = eβǫb. The scaling form of the partition function (n ≫ 1) could
then be obtained:

Zg(n) =
1

2πi

∮

Gg(z)

zn+1
dz

= − 1

4πqi

∮

√

[1 − (1 + 2
√

q)z][1 + (2
√

q − 1)z]

zn+3
dz

= −(1 + 2
√

q)n+2

4πqi

∮

√

[1 − ζ ][1 + κζ ]

ζn+3
dζ

= const × (1 + 2
√

q)n

n3/2
, (4.28)

where κ =
2
√

q−1

2
√

q+1
. Therefore, the scaling form Eq. (4.24) is valid.
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4.3 Collapse transition of surface–confined poly-

mers

To be added in later versions of these notes.
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Chapter 5

A Brief Introduction to Spin

Glasses

In the 1960s it was observed that, at sufficiently low temperatures, some
diluted spin systems (Fig. 5.1, middle panel) will be in one of many frozen
disordered states.

The average magnetization of such a system is found to be zero, that is

m =
1

N

N
∑

i=1

mi =
1

N

N
∑

i=1

〈σi〉 = 0 , (5.1)

where
mi ≡ 〈σi〉 (5.2)

is the mean magnetization of vertex i. Since m = 0, the system as a whole
has no spontaneous magnetization. This is markedly different from what is
expected for an ordinary spin system (see the left panel of Fig. 5.1). How-
ever, at low temperatures, the system is not in a paramagnetic phase. The
magnetic susceptibility of the system shows a cusp as shown in Fig. 5.1 (right
panel). According to the linear response theorem as discussed in Sec. 1.9,
the magnetic susceptibility is related to the spin value fluctuations by

χi ≡
∂mi

∂hi

∣

∣

∣

∣

hi=0
=

〈σ2
i 〉 − 〈σi〉2

kBT
=

1 − m2
i

kBT
(5.3)

If the system were in a paramagnetic phase, then χi should scales as χi ∼
T−1. The cusp in the magnetic susceptibility indicating that something very
interesting was happening.

47



48 CHAPTER 5. A BRIEF INTRODUCTION TO SPIN GLASSES
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Figure 5.1: (Left) phase diagram of a ferromagnetic system. (Middle)
schematic viewing of a randomly diluted spin system. (Right) magnetic
susceptibility of a randomly diluted spin system.

The cusp in the magnetic susceptibility can be understood if one assumes
that

mi = 0 for T ≥ Tg , (5.4)

6= 0 for T < Tg ,

where Tg is certain characteristic temperature (the spin glass transition tem-
perature). In other words, at low temperatures, the spins of the system may
be partially frozen to a disordered pattern with no net whole magnetization.

Theoretical investigations on spin glasses began with the article of Ed-
wards and Anderson in 1975. Early efforts on this branch of statistical physics
were reviewed in [24, 25, 26]. In this part of this chapter, we only briefly men-
tion some basic concepts and inherent difficulties of this field.

5.1 Disorder and frustration

Consider the following model Hamiltonian due to Edwards and Anderson

H = −
∑

(i,j)

Jijσiσj , (5.5)

where the spin spin coupling Jij is not a constant but is a quenched random
variable with mean zero (for example, Jij = ±J0 with equal probability).
Given a sample, the couplings Jij are then fixed and can not change with
time.
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Quenched disorder leads to frustration in a looped system. Frustration
means that, it is impossible to satisfy all the “constraints” simultaneously.
Figure 5.2 gives a very simple example.

σi

+1

+1

−1
=+1

j

Jij
+1

+1+1

−1

+1
?

Figure 5.2: Quenched disorder leads to frustration.

5.2 Ergodicity breaking and pure states

〈A〉 =
n

∑

α=1

∑

~σ∈α

A(~σ)e−βHJ(~σ)

Z
=

n
∑

α=1

ωα〈A〉α , (5.6)

where

ωα =

∑

~σ∈α
e−βHJ (~σ)

Z
≡ Zα

Z
(5.7)

In the case of ergodicity breaking, the definition of the partition function
by Eq. (1.16) with the summation over all the microscopic configuration s of
the system has no physical meaning.
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Figure 5.3: Ergodicity breaking and proliferation of pure states.

5.3 Self-averaging

At given set of quenched coupling constants Jij, the free energy is

FJ = −kBT log
∑

{~s}
e−βHJ (~s) , (5.8)

and the entropy is
SJ = −kB

∑

~s

ρJ (~s) log ρJ(~s) . (5.9)

The self-averaging property means that, for a typical realization of the
couplings Jij ,

FJ = F ≡ [FJ ]J , (5.10)

SJ = S ≡ [SJ ]J , (5.11)

where
[AJ ]J ≡

∫

DJProb(J)AJ . (5.12)

To calculate the average over the logarithm in Eq. (5.8), one may use the
replica trick:

[ln ZJ ]J = lim
n→0

ln
(

[Zn
J ]J

)

n
, (5.13)

and

[AJ ]J =
[

∑

σ AJ(σ)e−βHJ (σ)

ZJ

]

J

= lim
n→0

∫

dσ1 . . .
∫

dσn

[

AJ(σ1) exp(−βHJ(σ1) − . . . − βHJ(σn))
]

J
.

(5.14)



Chapter 6

The p-Spin Spherical Model

and the Replica Method

The infinite-connectivity p-spin spherical model (reviewed in [27]) is defined
as follows:

HJ = −
∑

i1<...<ip

Ji1...ipσi1σi2 . . . σip , (6.1)

where the ‘spin’ state variable σi is real-valued in the range −∞ < σi < +∞.
There is the following constraint that

N
∑

i=1

σ2
i = N . (6.2)

In Eq. (6.1), the coupling constants Ji1...ip are quenched random variables.
They are independently and identically distributed according to

Prob(Ji1...ip) ∝ exp
(

− Ji1···ip
p!J2

0/Np−1

)

. (6.3)

We are interested in obtaining the mean free energy of the system F as
defined in Eq. (5.10) as a function of temperature T .

6.1 The annealed approximation

F ≡ [ln ZJ ]J . (6.4)

The annealed approximation consists in replacing [ln ZJ ]J with ln[ZJ ]J .
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Z ≡ [ZJ ]J

=
∫

DJProb(J)
∑

σ

exp(β
′

∑

Ji1...ipσi1 . . . σip) (6.5)

=
∫

|σ|=
√

N

dσ exp
(

(βJ0)
2

4Np−1
(

N
∑

i=1

σ2
i )

p
)

= exp(N
β2J2

0

4
SN(N1/2) , (6.6)

where

SN(N1/2) =
2πN/2N (N−1)/2

Γ(N/2)
(6.7)

is the surface area of a N -dimensional sphere of radius N1/2.
The free energy as estimated by the annealed approximation is then

F anneal = −kBT ln Z (6.8)

= N [− J2
0

kBT
− Ts∞] , (6.9)

where

s∞ = kB
ln SN(N1/2)

N
= kB ln 2πe . (6.10)

At high temperatures, disorder is irrelevant. The annealed free energy
density is actually identical to the free energy density of this model system.
At low temperatures, however, quenched disorder becomes relevant. In the
later case, the annealed free energy density gives only a lower bound to the
true free energy density.

6.2 The replica method

Now use the replica trick to calculate the free energy density of the system.

ln Z = lim
n→0

lnZn

n
. (6.11)

To perform the limit of n → 0, we first obtain the expression for Zn for each
integer n; then we assume that this expression can be analytically extended
to non-integer n values!
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Since

Zn
J =

∫

d~σ1 · · ·
∫

d~σne
−β

n
∑

α=1

HJ(~σα)

, (6.12)

its average over the quenched disorder is

Zn =
∑

{~σ1,~σ2···~σn}

∏

i1<i2<···<ip

exp
[

p!(βJ0)
2

4Np−1
(

n
∑

α=1

σα
i1σ

α
i2 · · ·σα

ip)
2
]

=
∑

{~σ1,~σ2···~σn}
exp

[

N
(βJ0)

2

4

n
∑

α=1

n
∑

β=1

(

N
∑

j=1
σα

j σβ
j

N
)p

]

≡
∑

{~σ1,~σ2···~σn}

n
∏

α=1

δ(Qαα − 1

N

N
∑

i=1

σα
i σα

j ) ×

∏

α<β

∫

dQαβδ(Qαβ − 1

N

N
∑

i=1

σα
i σβ

j ) ×

exp
[

N
(βJ0)

2

2
(
1

2

n
∑

α=1

Qp
αα +

∑

α<β

Qp
αβ)

]

. (6.13)

We can use the Fourier expansion of Dirac’s delta function

δ(x) ≡
∞
∫

−∞
dλeiλx (6.14)

and re-write Eq. (6.14) into another form

Zn =
∫

∏

α<β

∫

dλαβ

∏

α

∫

dλαα

∏

α<β

∫

dQαβ

N
∏

j=1

∫

dσ1
j · · ·

∫

dσn
j ×

exp
[

N
(βJ0)

2

4

∑

αβ

Qp
αβ + N

∑

αβ

iλαβQαβ − i
N

∑

i=1

λαβσα
i σβ

i

]

=
∫

∏

α<β

∫

dλαβ

∏

α

∫

dλαα

∏

α<β

∫

dQαβ exp
(

−NS(Q, λ)
)

, (6.15)

where

S(Q, λ) = −(βJ0)
2

4

∑

αβ

Qp
αβ −

∑

αβ

iλαβQαβ +
1

2
ln Det(iλαβ) . (6.16)
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The free energy density is then

−βf = − lim
N→∞

lim
n→0

ln Zn

Nn

=
1

2
lnπ + lim

N→∞
lim
n→0

1

Nn
ln

[
∫

Dλαβ

∫

DQαβe−NS(Q,λ)
]

. (6.17)

The maximal point at fixed Q values is determined by

∂S(Q, λ)

∂λαβ
= 0 =⇒ 2iλαβ = [Q−1]αβ . (6.18)

Inserting Eq. (6.18) into Eq. (6.17) we finally obtain that

f = −Ts∞ − kBT lim
n→0

(βJ0)2

4

∑

αβ
Qp

αβ + 1
2
ln DetQ

n
, (6.19)

where the elements of the matrix Q satisfies

p(βJ0)
2

2
Qp−1

αβ + (Q−1)αβ = 0 . (6.20)

6.3 The replica symmetric solution

As a first attempt to solve Eq. (6.20), let us assume the following form for
the overlap matrix Q:

Q =

















1 q0 q0 · · · q0

q0 1 q0 · · · q0

q0 q0 1 · · · q0

· · · · · · · · · · · · · · ·
q0 q0 · · · q0 1

















(6.21)

Then it is easy to verify that the inverse matrix of Q is

(Q−1)αβ =
1

1 − q0

δβ
α − q0

(1 − q0)(1 + (n − 1)q0)
. (6.22)

In the limit of n → 0, Eq. (6.20) reduces to

1

2
(βJ0)

2pqp−1
0 − q0

(1 − q0)2
= 0 . (6.23)
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The free energy density Eq. (6.19) for this replica-symmetric solution is

f = −Ts∞−kBT
(βJ0)

2

4
+kBT

(

(βJ0)
2

4
qp
0−

ln(1 − q0)

2
− q0(1 − q0)

2

)

. (6.24)

For the special case of p = 2 (two-body interaction), Eq. (6.23) predicts
a continuous spin glass phase transition with

q0 = 0 T > T (2)
sg , (6.25)

= 1 − T

T
(2)
sg

T ≤ T (2)
sg ,

where the spin glass transition temperature T (2)
sg = J0/kB.

For the general case of p > 2, the spin glass phase transition is discon-
tinuous. As an example, let us consider the case of p = 4. In this case,
Eq. (6.23) predicts that

q0 = 0 T > T (4)
sg , (6.26)

= 1/2 +
√

1 − T/T
(4)
sg /2 T ≤ T (4)

sg ,

where T (4)
sg = 2−3/2J0/kB.

Below the spin glass transition temperature, the replica-symmetric so-
lution of the p-spin spherical model is found to be unstable [28, 29]. The
physical picture behind this replica-symmetric solution is wrong. To see
this, in the next section we will discuss more about the physical meaning of
the overlap matrix Q.

6.4 Relation between replica symmetry break-

ing and ergodicity breaking

q(1) ≡ 1

N

N
∑

i=1

〈σi〉2 =
1

N

N
∑

i=1

[
∑

α

ωα〈σi〉α]2 (6.27)

=
1

N

N
∑

i=1

∑

α

∑

β

ωαωβ〈σj〉α〈σj〉β (6.28)

=
∑

αβ

ωαωβqαβ (6.29)
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=
∫

dq
∑

αβ

ωαωβδ(q − qαβ)q (6.30)

=
∫

dqP(q)q . (6.31)

In the above listed equations, the overline indicates averaging over all the
realizations of the quenched disorder. The parameter ωα means the statistical
weight of pure state α [see Eq. (5.7)];

qαβ =
1

N

N
∑

i=1

〈σj〉α〈σj〉β (6.32)

is the overlap between two pure states in a given realization of the quenched
disorder; and

P (q) =
∑

αβ

ωαωβδ(q − qαβ) (6.33)

is the overlap distribution of qαβ averaged over all the realizations of quenched
disorder.

Similarly, for higher order moments, we find that

q(k) ≡ 1

Nk

N
∑

i1=1

. . .
N

∑

ik=1

〈σi1 · · ·σik〉2 (6.34)

=
1

Nk

∑

i1···ik

∑

α

∑

β

ωαωβ〈σi1 . . . σik〉α〈σi1 . . . σik〉β (6.35)

=
1

Nk

∑

i1···ik

∑

α

∑

β

ωαωβ〈σi1〉α . . . 〈σik〉α〈σi1〉β . . . 〈σik〉β (6.36)

=
∑

α

∑

β

ωαωβδ(q − qαβ)qk
αβ =

∫

dqP(q)qk . (6.37)

In going from Eq. (6.35) to Eq. (6.36) we have used the so-called clustering
property of a pure state, i.e.,

〈σi1 . . . σik〉α = 〈σi1〉α . . . 〈σik〉α (6.38)

for a set of randomly chosen vertices {i1, . . . , ik} [25, 27].
Equations (6.31) and (6.37) means that, the overlap distribution P (q)

can be obtained if we know the value of q(k) for each k = 1, 2, . . . ,∞. On the
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hand, the moments q(k) can be calculated through the replica method. For
example,

q(1) =
1

N

N
∑

i=1

1

Z2

∫

d~σ1σ1
i e

−βHJ(~σ1)

∫

d~σ2σ2
i e

−βHJ(~σ2) (6.39)

= lim
n→0

1

N

N
∑

i=1

∫

d~σ1 . . .
∫

d~σnσ1
i σ

2
i exp(−β

n
∑

α=1

HJ(~σα)) (6.40)

=
∫

DQαβe−NS(Q,λ(Q)) = Q12 = lim
n→0

2

n(n − 1)

∑

α>β

Qαβ . (6.41)

In Eq. (6.41), Qαβ is the fixed point solution of Eq. (6.20). The higher order
moments can also be expressed in terms of the order parameters Q. The
explicit expression is

q(k) = Qk
12 = lim

n→0

2

n(n − 1)

∑

α>β

Qk
αβ . (6.42)

Based on Eq. (6.42) and Eq. (6.37), we finally obtain the following ex-
pression that

P (q) = lim
n→0

2

n(n − 1)

∑

α>β

δ(q − Qαβ) . (6.43)

The average probability that two pure states of the system have

overlap q is equal to the fracture of non-diagonal elements of the

overlap matrix Q equal to q.

The replica-symmetric solution of the previous section has

P (q) = δ(q − q0) , (6.44)

Since the overlap ditribution P (q) also includes the overlap of a pure state
with itself. If this distribution is of the form Eq. (6.44), then the underlying
picture must be that, the system contains only one single pure state, i.e.,
ergodicity is not broken. At low temperatures this picuture is in-correct.
When ergodicity is broken, P (q) must have several peaks, and therefore, the
off-diagonal elements of the overlap matrix Q must not all be equal.
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6.5 First-order replica symmetry breaking so-

lution

As the simplest replica-symmetry-breaking solution, we assume that the off-
diagonal elements of matrix Q can take on two different values q0 and q1.
And we assume the following form for matrxi Q:

Q =

























































1 q1 · · · q1

q1 1 · · · q1

· · · · · · · · · · · · q0

q1 · · · q1 1
1 q1 · · · q1

q1 1 · · · q1

· · · · · · · · · · · ·
q1 · · · q1 1

. . .

1 q1 · · · q1

q0 q1 1 · · · q1

· · · · · · · · · · · ·
q1 · · · q1 1

























































(6.45)
In each row of matrxi Q, there are m−1 elements with value q1 and n−m el-
ements with value q0. The physical picture behind Eq. (6.45) is schematically
shown in Fig. 6.1.

high temperature low temperature

Figure 6.1: First-order replica-symmetry-breaking.
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The overlap distribution is then

P (q) = lim
n→0

n(n − m)δ(q − q0) + n(m − 1)δ(q − q1)

n(n − 1)

= mδ(q − q0) + (1 − m)δ(q − q1) . (6.46)

In the limit of n → 0, the parameter m should be interpreted as a probability,
with 0 ≤ m ≤ 1.

For this solution, we have

Det(Q) = (1−q1)
n− n

m [1−q1+m(q1−q0)]
n
m
−1[nq0+m(q1−q0)+1−q1] . (6.47)

The free energy density is

f = −TS∞ − J2
0

4kBT
− J2

0

4kBT
(m − 1)qp

1 +
J2

0

4kBT
mqp

0

−1

2
kBT (1 − 1

m
) ln(1 − q1) −

kBT

2m
ln[1 − q1 + m(q1 − q0)]

−1

2
kBT

q0

1 − q1 + m(q1 − q0)
. (6.48)

The order parameters q0, q1, and m can be calculated by requiring the first-
order derivative of the free energy density f with respective to these param-
eters be zero. Then we find that q0 = 0. The other two order parameters are
determined by the following coupled equaions

1

2
(βJ0)

2qp
1 +

1

m2
log

1 − q1

1 − (1 − m)q1
+

1

m

q1

1 − (1 − m)q1
= 0 , (6.49)

1

2
(βJ0)

2pqp−2
1 − 1

(1 − q1)[1 − (1 − m)q1]
= 0 . (6.50)

For p = 4, the solution of Eqs. (6.49) and Eq. (6.50) are shown in Fig. 6.2.
For the p-spin spherical model, it turns out that the first-order replica-

symmetry-breaking solution is stable. Therefore, higher order replica-symmetry-
breaking scheme is not needed. This is a special property of the sperical
model. In general, full replica-symmetry-breaking is needed to describe the
low-temperature behavior of a given spin glass system.



60CHAPTER 6. THE P -SPIN SPHERICAL MODEL AND THE REPLICA METHOD

0 0.1 0.2 0.3 0.4 0.5
temperature

0

0.2

0.4

0.6

0.8

1

or
de

r 
pa

ra
m

et
er

s

q1

m

Figure 6.2: The order parameter q1 and m for the p = 4-spin spherical model.



Chapter 7

The cavity Approach to

Finite-Connectivity Spin

Glasses

to be added soon.
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Chapter 8

Spin Glass Physics and

Optimization Problems

Examples of non-deterministic polynomial complete (NP-complete) problems
[30]:

3-satisfiability. A Boolean formula involving N variables and M clauses of
length 3:

(x1 ∩ x2 ∩ x3) ∪ (x1 ∩ x2 ∩ x3) ∪ (x1 ∩ x2 ∩ x3)

vertex covering. Covering a graph with at most m markers.

graph coloring. Coloring a graph with at most p colors.

Discussions on the application of statistical physics of spin glasses to hard
combinatorial optimization problems (see, e.g., [31, 7, 8, 32, 33, 34, 9, 35, 36])
will be added in a later version of these lecture notes.
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