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Forew
ord

T
hree series of lectures w

ere given at the 34th Probabilty Sum
m

er School in
Saint-Flour (July 6-24, 2004), by the Professors C

erf, L
yons and Slade. W

e
have decided to publish these courses separately. T

his volum
e contains the

course of Professor Slade. W
e cordially thank the author for his perform

ance
at the sum

m
er school, and for the redaction of these notes.

i\¡lILt

69 participants have attended this schooL. 35 of them
 have given a short

lecture. T
he lists of participants and of short lectures are enclosed at the end

of the volum
e.
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Preface
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S
everal superficially sim

ple m
athem

atical m
odels, such as the self-avoiding

w
alk and percolation, are paradigm

s for the study of critical phenom
ena in

statistical m
echanics. A

lthough these m
odels have been studied by m

athe-
m

aticians for about half a century, exciting new
 developm

ents continue to
occur and the subject is flourishing. M

uch progress has been m
ade, but it

rem
ains a m

ajor challenge for m
athem

atical physics and probability theory to
obtain a com

plete and m
athem

atically rigorous understanding of the scaling
theory of these m

odels at criticality.
T

hese lecture notes concern the lace expansion, w
hich is a pow

erful tool for
the analysis of the critical scaling of several m

odels above their upper critical
dim

ensions, nam
ely:

.
 
t
h
e
 
s
e
l
f
-
a
v
o
i
d
i
n
g
 
w
a
l
k
 
o
n
 
Z
d
 
f
o
r
 
d
 
)
.
 
4
,

.
 
l
a
t
t
i
c
e
 
t
r
e
e
s
 
a
n
d
 
l
a
t
t
i
c
e
 
a
n
i
m
a
l
s
 
o
n
 
Z
d
 
f
o
r
 
d
 
)
.
 
8
,

.
 
p
e
r
c
o
l
a
t
i
o
n
 
o
n
 
Z
d
 
f
o
r
 
d
 
)
.
 
6
,

.
 
o
r
i
e
n
t
e
d
 
p
e
r
c
o
l
a
t
i
o
n
 
o
n
 
Z
d
 
x
 
Z
+
 
a
n
d
 
t
h
e
 
c
o
n
t
a
c
t
 
p
r
o
c
e
s
s
 
o
n
 
Z
d
 
f
o
r
 
d
 
)
.
 
4
.

R
esults include proofs of existence of critical exponents, w

ith m
ean-field val-

ues, and construction of scaling lim
its. O

ften, the scaling lim
it is described in

term
s of super-B

row
nian m

otion.
T

here are tw
o distinct goals for these notes. T

he first goal is to provide
a
 
w
r
i
t
t
e
n
 
a
c
c
o
m
p
a
n
i
m
e
n
t
 
t
o
 
m
y
 
l
e
c
t
u
r
e
s
 
a
t
 
t
h
e
 
x
x
x
i
v
 
S
a
i
n
t
-
F
l
o
u
r
 
I
n
t
e
r
n
a
-

tional Probabilty School, in July 2004, and at the Pacific Institute for the
M

athem
atical Sciences - U

niversity of B
ritish C

olum
bia Sum

m
er School on

Probability, in June 2005. T
he notes contain an introduction to the lace ex-

pansion and several of its applications, w
ith suffcient background and depth

to prepare a new
com

er to do research using the lace expansion. B
asic grad-

u
a
t
e
 
l
e
v
e
l
 
p
r
o
b
a
b
i
l
t
y
 
t
h
e
o
r
y
 
w
i
l
 
b
e
 
u
s
e
d
,
 
b
u
t
 
n
o
 
p
r
e
v
i
o
u
s
 
k
n
o
w
l
e
d
g
e
 
o
f
 
t
h
e

lace expansion or super-B
row

nian m
otion is assum

ed. T
he second goal is to

provide a survey of the field, so that an interested reader can follow
 up by

consulting the original literature. In pursuit of the second goal, these notes
include m

ore m
aterial than can be covered during a sum

m
er school course.



V
I
I
I
 
P
r
e
f
a
c
e

Follow
ing a brief initial chapter concerning random

 w
alk, the notes can be

divided into four parts, w
hose contents are sum

m
arized as follow

s.
P
a
r
t
 
I
,
 
w
h
i
c
h
 
c
o
n
c
e
r
n
s
 
t
h
e
 
s
e
l
f
-
a
v
o
i
d
i
n
g
 
w
a
l
k
,
 
c
o
n
s
i
s
t
s
 
o
f
 
C
h
a
p
s
.
 
2
-
6
.
 
A

com
plete and self-contained proof is given of the convergence of the lace ex-

pansion for the nearest-neighbour m
odel in dim

ensions d ).). 4, and for the
spread-out m

odel of self-avoiding w
alks w

hich take steps of length at m
ost L,

w
ith L

 ).). 1, in dim
ensions d ). 4. T

he convergence proof presented here seem
s

sim
pler than all previous lace expansion convergence proofs. A

s a consequence
of convergence, it is show

n that the critical exponent 'Y
 for the generating func-

tion of the num
ber of n-step self-avoiding w

alks exists and is equal to 1. A
survey is then given of the m

any extensions of this result that have been
o
b
t
a
i
n
e
d
 
u
s
i
n
g
 
t
h
e
 
l
a
c
e
 
e
x
p
a
n
s
i
o
n
.

Part II, w
hich concerns lattice trees and lattice anim

als, consists of
C

haps. 
7-8. It is show

n how
 a m

inor m
odification of the expansion for the

self-avoiding w
alk can be applied to give expansions for lattice trees and lat-

tice anim
als, and an indication is given of the diagram

m
atic estim

ates that
are necessary for proving convergence of the expansion. T

he relevance of the
square condition is indicated, and results concerning existence of critical ex-
ponents in dim

ensions d ). 8 are surveyed.
Part III, w

hich concerns percolation, oriented percolation, and the contact
process, consists of C

haps. 9-14. D
etailed discussions are given of expansions

for each of these m
odels. D

ifferential inequalities involving the triangle con-
d
i
t
i
o
n
 
a
r
e
 
s
t
a
t
e
d
 
(
a
n
d
 
u
s
u
a
l
l
y
 
p
r
o
v
e
d
)
 
a
n
d
 
a
r
e
 
s
h
o
w
n
 
t
o
 
i
m
p
l
y
 
m
e
a
n
-
f
i
e
l
d

behaviour of various critical exponents. R
esults concerning existence of crit-

ical exponents in dim
ensions d ). 6 (for percolation) and d ). 4 (for oriented

p
e
r
c
o
l
a
t
i
o
n
 
a
n
d
 
t
h
e
 
c
o
n
t
a
c
t
 
p
r
o
c
e
s
s
)
 
a
r
e
 
s
u
r
v
e
y
e
d
.

Part IV
, w

hich concerns super-B
row

nian scaling lim
its, consists of

C
haps. 15-17. C

ritical branching random
 w

alk w
ith Poisson offspring distri-

b
u
t
i
o
n
 
i
s
 
a
n
a
l
y
z
e
d
 
i
n
 
d
e
t
a
i
l
 
a
n
d
 
u
s
e
d
 
t
o
 
g
i
v
e
 
a
 
s
e
l
f
-
c
o
n
t
a
i
n
e
d
 
c
o
n
s
t
r
u
c
t
i
o
n

of integrated super-B
row

nian excursion (ISE
). T

he role of ISE
 as the scaling

lim
it of lattice trees and of critical percolation clusters, above the upper criti-

cal dim
ensions, is discussed. T

he canonical m
easure of super-B

row
nian m

otion
is also described, as is its role as scaling lim

it of critical oriented percolation
clusters and the critical contact process in dim

ensions d ). 4, and of lattice
trees in dim

ensions d ). 8.
M
a
t
h
e
m
a
t
i
c
s
 
i
s
 
n
o
t
 
a
 
s
p
e
c
t
a
t
o
r
 
s
p
o
r
t
,
 
a
n
d
 
t
r
u
e
 
u
n
d
e
r
s
t
a
n
d
i
n
g
 
r
e
q
u
i
r
e
s

active participation in w
orking out the ideas. T

o help facilitate this, a num
ber

of exercises for the reader appear throughout the notes. Som
e can be solved in

a few
 lines, and others require m

ore effort. I am
 grateful to Jerem

y Flow
ers,

Jesse G
oodm

an, Jeffrey H
ood, Sandra K

liem
, R

ichard L
iang, and T

erry Soo,
w

ho collectively w
rote solutions to all the exercises during the PIM

S-U
B

.G
sum

m
er schooL.

It w
ould not be possible to include detailed proofs of all the results dis-

cussed in these lecture notes w
ithout substantially increasing their length,

and a num
ber of im

portant topics are only alluded to. T
hese include: the

Preface
ix

Ii~E

inductive approach to the lace expansion, w
hich is in m

any respects the m
ost

pow
erful m

ethod to prove convergence of the expansion; the "double" expan-
s
i
o
n
s
 
t
h
a
t
 
h
a
v
e
 
b
e
e
n
 
u
s
e
d
 
t
o
 
a
n
a
l
y
z
e
 
r
-
p
o
i
n
t
 
f
u
n
c
t
i
o
n
s
 
f
o
r
 
r
 
;
:
 
3
;
 
a
n
d
 
t
h
e

lace expansion on a tree, w
hich is a m

ethod that can som
etim

es be used to
replace a double expansion. (T

w
o of these topics-the inductive m

ethod and
double expansions-are discussed in recent lecture notes by R

em
co van der

H
ofstad ¡noJ. A

lso, a com
plete proof of the convergence of the expansion is

given only for the self-avoiding w
alk. T

his is the sim
plest setting for proving

c
o
n
v
e
r
g
e
n
c
e
,
 
a
n
d
 
c
o
n
v
e
r
g
e
n
c
e
 
f
o
r
 
t
h
e
 
o
t
h
e
r
 
m
o
d
e
l
s
 
c
a
n
 
b
e
 
b
a
s
e
d
 
o
n
 
t
h
e
 
i
d
e
a
s

used in this setting. Finally, in an im
portant new

 developm
ent about w

hich
it is too early to provide details, Sakai ¡181J has show

n how
 to apply the lace

expansion to analyze the Ising m
odel in dim

ensions d ). 4.
T

his w
ork w

as supported in part by N
SE

R
C

 of C
anada. V

ersions of the
lectures w

ere given at the U
niversity of B

ritish C
olum

bia in Spring 2003, at
E
U
R
A
N
D
O
M
 
i
n
 
F
a
l
l
 

2003, at Saint-Flour in Sum
m

er 2004, and at PIM
S/U

B
C

in Sum
m

er 2005. T
he lecture notes w

ere w
ritten prim

arily w
hile I w

as travel-
ling during 2003-04. I thank E

U
R

A
N

D
O

M
 and the T

hom
as S

tieltjes Institute,
the U

niversity of M
elbourne, M

icrosoft R
esearch, and m

y hosts at these in-
stitutions, for their hospitality during visits to E

indhoven, M
elbourne and

R
edm

ond.
I am

 grateful to the friends and colleagues w
ith w

hom
 I have had the good

fortune to w
ork on topics related to these lecture notes. I thank M

arkus H
ey-

denreich, R
em

co van der H
ofstad, M

ark H
olm

es, Sandra K
liem

, E
d Perkins

and A
kira Sakai for suggesting im

provem
ents and for com

m
ents on earlier

drafts of these notes. M
any others have also m

ade helpful com
m

ents of one
form

 or another. M
ost of the ilustrations (and all of the best ones) w

ere pro-
duced by B

il C
asselm

an, m
y colleague at the U

niversity of B
ritish C

olum
bia

and G
raphics E

ditor of N
otices of the A

m
erican M

athem
atical Society.

I extend specìal thanks to D
avid B

rydges, w
hose patient teaching brought

m
e into the subject, and to T

akahi H
ara and R

em
co van der H

ofstad, w
ho

have played profound roles in the developm
ent of the ideas presented in these

notes.
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I

iS
im

ple R
andom

 W
alk

T
he point of departure for the lace expansion is sim

ple (ordinary) random
w

alk, and it is helpful first to recall som
e elem

entary facts about random
w

alk on Z
d. T

his w
il also set som

e notation for later use.

i. i A
sym

ptotic B
ehaviour

Fix a finite set f2 C
 Z

d that is invariant under the sym
m

etry group of Z
d,

i.e., under perm
utation of coordinates or replacem

ent of any coordinate X
i by

-
X
i
.
 
O
u
r
 
t
w
o
 
b
a
s
i
c
 
e
x
a
m
p
l
e
s
 
a
r
e
 
t
h
e
 
n
e
a
r
e
s
t
-
n
e
i
g
h
b
o
u
r
 
m
o
d
e
l

f2 =
 rx E

 Z
d : Ilxlli =

 n
(1.1)

a
n
d
 
t
h
e
 
s
p
r
e
a
d
-
o
u
t
 
m
o
d
e
l

f2 =
 rx E

 Z
d : 0 .: IIxlloo :: L

j,
(1.2)

w
here L

 is a fixed (usually large) constant. T
he norm

s are defined, for X
 =

(
x
i
,
.
.
.
,
 
X
d
)
,
 
b
y
 
I
l
x
l
l
i
 
=
 
L
~
=
i
 
I
X
j
l
 
a
n
d
 
I
l
x
l
l
o
o
 
=
 
m
a
X
i
:
:
j
:
:
d
 
I
X
j
l
.

For n ~ 1, an n-step w
alk taking steps in f2 is defined to be a sequence

(
w
(
0
)
,
w
(
1
)
,
.
.
.
 
,
w
(
n
)
)
 
o
f
 
v
e
r
t
i
c
e
s
 
i
n
 
Z
d
 
s
u
c
h
 
t
h
a
t
 
w
(
i
)
 
-
 
w
(
i
 
-
 
1
)
 
E
 
f
2
 
f
o
r
 
i
 
=

1,..., n. Let W
n(x, y) be the set of n-step w

alks w
ith w

(O
) =

 x and w
(n) =

 y,
and let W

n =
 U

xE
Z

d W
n(O

, x) denote the set of all n-step w
alks starting from

the origin. L
et c~o) (x) denote the cardinality of W

n(O
, x). T

he superscript
(0) is there to indicate that w

e are w
orking w

ith the random
 w

alk w
ith no

interaction. W
e allow

 for the degenerate case n =
 0 by defining W

o(x, y) to
c
o
n
s
i
s
t
 
o
f
 
t
h
e
 
z
e
r
o
-
s
t
e
p
 
w
a
l
k
 
(
x
)
 
i
f
 

x
 
=
 
y
,
 
a
n
d
 
t
o
 
b
e
 
e
m
p
t
y
 
o
t
h
e
r
w
i
s
e
.
 
T
h
e
n

cbO
) (x, y) =

 Ó
x,y' T

aking into account the translation invariance, w
e w

il use
the abbreviations W

n(y - x) =
 W

n(x,y) and c~
O

)(y - x) =
 c~

O
)(x,y).
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1 S

im
ple R

andom
 W

alk
1
.
1
 
A
s
y
m
p
t
o
t
i
c
 
B
e
h
a
v
i
o
u
r

3

For n :: 1, by considering the possible values yE
n of the w

alk's first step,
w

e have
E
x
e
r
c
i
s
e
 
1
.
2
.
 
(
a
)
 
S
h
o
w
 
t
h
a
t
 
f
o
r
 
t
h
e
 
n
e
a
r
e
s
t
-
n
e
i
g
h
b
o
u
r
 
m
o
d
e
l
,

C
~o)(x) =

 L
 C

~021(X
 - y) =

 L
 ciO

)(y)c~021(X
 - y).

y
E
n
 
y
E
7
ß

D
enoting the convolution of functions f and 9 by

(1.3)
1
 
d

ÎJ(k) =
 d L

 cos kj,
j=

l
(1.12)

(f * g)(x) =
 L f(y)g(x - y),

yE
7ß

(1.4)
and for the spread-out m

odel

C
~o)(x) =

 (ciO
) *C

~021) (x).

ÎJ(k) ~ I~I ¡U
 M

(kj) -11
(1.13)

(1.3) can be w
ritten as

(1.5)
w

here

M
(t) =

 sin¡(2L
 +

 l)tj2J
sin(tj2)

(1.4)
T

he Fourier transform
 of an absolutely sum

m
able function f : Z

d -- C
 is

defined by

j
(
k
)
 
=
 
L
 
f
(
x
)
e
i
k
.
x

xE
Z

d

w
here k. x =

 L
~=

i kjxj, w
ith inverse

(
k
 
E
 
¡
-
1
r
,
1
r
J
d
)
,

(1.6)
i
s
 
t
h
e
 
D
i
r
i
c
h
l
e
t
 
k
e
r
n
e
L
.

(b) D
enote the variance of D

 by (T
2 =

 LX
E

Z
d Ixl2 D

(x). S
how

 that (T
 =

 1 for
the nearest-neighbour m

odel and that (T
 is asym

ptotic to a m
ultiple of L

 as
L
 
-
-
 
0
0
 
f
o
r
 
t
h
e
 
s
p
r
e
a
d
-
o
u
t
 
m
o
d
e
L
.

l
 
d
d
k
,
 
-
i
k
.
x

f(x) =
 -( )df(k)e .

¡
-
7
l
,
7
l
J
d
 
2
1
r

T
h
e
 
f
a
c
t
 
s
t
a
t
e
d
 
i
n
 
p
a
r
t
 
(
a
)
 
o
f
 
t
h
e
 
f
o
l
l
o
w
i
n
g
 
e
x
e
r
c
i
s
e
 
m
a
k
e
s
 
t
h
e
 
u
s
e
 
o
f
 
F
o
u
r
i
e
r

t
r
a
n
s
f
o
r
m
s
 
v
e
r
y
 
c
o
n
v
e
n
i
e
n
t
.

( 1. 7)
T

he num
ber of n-step w

alks starting from
 a given vertex is of course

inln, because each step can be chosen in ini different w
ays. T

his fact is
c
o
n
t
a
i
n
e
d
 
i
n
 
(
1
.
1
1
)
,
 
s
i
n
c
e
 
t
h
e
 
n
u
m
b
e
r
 
o
f
 
n
-
s
t
e
p
 
w
a
l
k
s
 

starting from
 the origin

i
s
 
L
X
E
Z
d
 
c
~
O
)
(
x
)
 
=
 
ê
~
O
)
(
O
)
 
=
 
i
n
l
n
,
 
u
s
i
n
g
 
Î
J
(
O
)
 
=
 
1
.

B
y sym

m
etry, (T

2 =
 -\72ÎJlk=

0, w
here \72 =

 L~
=

i \7; is the Laplacian,
w

ith \7 j denoting partial differentiation w
ith respect to the com

ponent kj of
k
.
 
T
h
e
n
,
 
b
y
 
(
1
.
1
1
)
 
a
n
d
 
b
y
 
t
h
e
 
s
y
m
m
e
t
r
y
 
o
f
 
n
,
 
t
h
e
 
c
e
n
t
r
a
l
 

lim
it theorem

lim
 ê~O

)(kj(T
vn) =

 e-lkl2j2d
n_oo ê~

O
) (0)

(1.15)

E
xercise 1.1. (a) S

how
 that the F

ourier transform
 of f * 9 is jf¡.

(b) A
 closely related statem

ent is the follow
ing. D

enote the generating func-
tions of the sequences fn and gn by F(z) =

 L
~=

o fnzn and G
(z) =

L
~=

o gnzn, and assum
e these series both have positive radius of convergence.

Show
 that the generating function H

(z) of the sequence hn =
 L

:=
o fm

gn-m
is H

(z) =
 F(z)G

(z).

B
y E

xercise 1.1(a), (1.5) im
plies that

follow
s, as does the fact that the m

ean-square displacem
ent is given by

ê
~
O
)
 
(
k
)
 
=
 
ê
i
O
)
 
(
k
 
)
ê
~
0
2
1
 
(
k
)
.

S
i
n
c
e
 
ê
~
O
)
(
k
)
 
=
 
1
,
 
s
o
l
v
i
n
g
 
(
1
.
8
)
 
b
y
 
i
t
e
r
a
t
i
o
n
 
g
i
v
e
s

(1.8)
L
x
E
Z
d
 
I
x
1
2
d
O
)
 
(
x
)
 
=
 
_
 
\
7
2
 
Î
J
n
 
I
 
=
 
n
(
T
2
.

'" (0) ( ) k=
O

ú
x
E
Z
d
 
C
n
 
X

(1.16)

ê
~
O
)
(
k
)
 
=
 
ê
i
O
)
 

(k)n
(
n
 
:
:
 
0
)
.

(1.9)
E

xercise 1.3. P
rove (1.15) and (1.16).

If w
e define the transition probability

1 1 (0)
D

(x) =
 iD

I¡x E
 nJ =

 iD
C

1 (x),

T
he tw

o-point function is defined by

(1.0)
0
0
 
0
0

C
z
(
x
,
y
)
 
=
 
L
 
L
 
z
n
 
=
 
L
c
~
O
)
(
x
,
y
)
z
n
.

n
=
O
w
E
W
n
(
x
,
y
)
 
n
=
O

(1.17)

w
h
e
r
e
 
i
n
¡
 
d
e
n
o
t
e
s
 
t
h
e
 
c
a
r
d
i
n
a
l
i
t
y
 
o
f
 
t
h
e
 
s
e
t
 
n
 
a
n
d
 
I
 
d
e
n
o
t
e
s
 
t
h
e
 
i
n
d
i
c
a
t
o
r

function, then (1.9) can be rew
ritten as

ê
~
O
)
(
k
)
 
=
 
¡
n
i
n
 
Î
J
(
k
)
n

(n :: 0).
(1.11 )

T
h
e
 
t
w
o
-
p
o
i
n
t
 
f
u
n
c
t
i
o
n
 
i
s
 
f
i
n
i
t
e
 
f
o
r
 
z
 
E
 
¡
O
,
 
I
j
i
n
l
)
.
 
F
o
r
 
d
?
 
2
,
 
i
t
 
i
s
 
a
l
s
o
 
k
n
o
w
n

to be finite for z =
 Ijin¡, and for this value of z it is called the G

reen function.
B

y translation invariance, w
e m

ay regard the tw
o-point function as a function
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i
 
S
i
m
p
l
e
 
R
a
n
d
o
m
 
W
a
l
k

of a single variable, w
riting C

z(x,y) =
 C

z(y - x). B
y (1.11) and (1.17), its

F
ourier transform

 is
0
0
 
1

êz(k) =
 L ê~

O
) (k)zn =

 1 _ zlilID
(k)'

n=
O

(1.18)

T
he susceptibility is defined by

A
 
1

X
(z) =

 L
 C

z(O
, x) =

 C
z(O

) =
 1 _ zlill'

xE
Z

d

(1.19)

T
he critical point is the singularity Z

e =
 Ijlill of the susceptibilty.

T
he inverse F

ourier transform
 of (1.18) is

l
 
d
d
k
 
e
-
i
k
.
x

C
z
(
x
)
 
=
 
-
 
A
'

¡
-
1
f
,
1
f
J
d
 
(
2
7
f
)
d
 
1
 
-
 
z
l
i
l
I
D
(
k
)

(1.20)

F
or d ? 2,

1
C
z
J
x
)
 
r
v
 
c
o
n
s
t
 
I
x
l
d
-
2
 
(
1
.
2
1
)

a
s
 
i
x
l
 
-
-
 
0
0
,
 
w
h
e
r
e
 
t
h
e
 
c
o
n
s
t
a
n
t
 
d
e
p
e
n
d
s
 
o
n
 
d
 
a
n
d
 
o
n
 
i
l
 
(
s
e
e
 
¡
1
4
9
,
1
9
5
1
,
 
o
r
 
¡
2
0
3
J

for a m
ore general statem

ent of this fact). T
he notation

j
(
x
)
 
r
v
 
g
(
x
)

denotes
lim

 j(x)jg(x) =
 1,

x--oo
(1.22)

a
n
d
 
t
h
i
s
 
n
o
t
a
t
i
o
n
 
w
i
l
 
u
s
e
d
 
i
n
 
g
e
n
e
r
a
l
 
f
o
r
 
a
s
y
m
p
t
o
t
i
c
 
f
o
r
m
u
l
a
s
.

E
xercise 1.4. S

om
e care is needed w

ith (1.20) w
hen z =

 Z
e, since C

zJx) is
not sum

m
able by (1.21) and thus its F

ourier transform
 is problem

atic. U
sing

the sym
m

etry of il, prove that (1.20) does hold w
hen z =

 Z
e for d ? 2, and

that the integral is infinite w
hen z =

 Z
e for d :: 2.

E
x
e
r
c
i
s
e
 
1
.
5
.
 
L
e
t
 
j
 
:
 
7
J
d
 
-
-
 
C
.
 
F
o
r
 
y
 
E
 
i
l
,
 
d
e
f
i
n
e
 
f
o
r
w
a
r
d
 
a
n
d
 
b
a
c
k
w
a
r
d

d
i
s
c
r
e
t
e
 
p
a
r
t
i
a
l
 
d
e
r
i
v
a
t
i
v
e
s
 
b
y
 
a
t
 
j
(
x
)
 
=
 
j
(
x
+
y
)
 
-
 
j
(
x
)
 
a
n
d
 
a
;
 
j
(
x
)
 
=
 
j
(
x
)
-

j (x - y). D
efine the discrete L

aplacian by

L:j(x) =
 ~

 I~
I La; a: j(x) =

 I~
i L j(x +

 y) - j(x),
y
E
n
 
y
E
n

(1.23)

and let Ó
x,y denote the K

ronecker delta w
hich takes the value 1 if x=

 y and 0
if x =

l y. Show
 that -L

:C
i/inl(x) =

 Ó
O

,x. T
hus C

i/1nl(x) is the G
reen function

f
o
r
 
-
 
L
:
.

E
xercise 1.6. C

onsider a sim
ple random

 w
alk started at the origin.

(a) Let u denote the probability that the w
alk ever returns to the origin. T

he
w

alk is recurrent if u =
 1 and transient if u .: 1. L

et N
 denote the (random

)
num

ber of visits to the origin, including the initial visit at tim
e 0, and let

I~~lL~Rb¡¡r

1.2 U
niversality and Spread-O

ut M
odels 5

m
 =

 lE
N

. Show
 that m

 =
 i~u' so the w

alk is recurrent if and only if m
 =

 00.
(b) S

how
 that
0
0
 
1
 
~
k

m
 =

 L
 lP(w

(n) =
 0) =

 l-1f,1fJd 1 _ D
(k) (27f)d'

n=
O

(1.24)

T
hus transience is characterized by the integrability of êi/ini(k).

(c) For sim
plicity, consider the nearest-neighbour m

odel, w
ith il given by

(1.1). S
how

 that the w
alk is recurrent in dim

ensions d :: 2 and transient in
dim

ensions d ? 2.

E
x
e
r
c
i
s
e
 
1
.
7
.
 
L
e
t
 
w
(
1
)
 
a
n
d
 
w
(
2
)
 
d
e
n
o
t
e
 
t
w
o
 
i
n
d
e
p
e
n
d
e
n
t
 
s
i
m
p
l
e
 
r
a
n
d
o
m
 
w
a
l
k
s

started at the origin, and let0
0
 
0
0

x
 
=
 
L
L
I
l
w
(
1
)
(
i
)
 
=
w
(
2
)
(
j
)
J

i=
O

 j=
O

(1.25)

denote the num
ber of intersections of the tw

o w
alks. H

ere I denotes an indi-
cator function. S

how
 that

l
E
X
 
=
 
r
 
1
 
d
d
k

J(-1f,1fi¡1 - D
(k)j2 (27f)d

(1.26)

T
h
u
s
 
l
E
X
 
i
s
 
f
i
n
i
t
e
 
i
f
 
a
n
d
 
o
n
l
y
 
i
f
 
ê
i
/
i
n
i
(
k
)
 
i
s
 
s
q
u
a
r
e
 
i
n
t
e
g
r
a
b
l
e
.
 
C
o
n
c
l
u
d
e
,

for sim
plicity for the nearest-neighbour m

odel, that the expected num
ber of

intersections is finite if d ? 4 and infnite if d :: 4.

T
he integral (27f)-d J(-1f,1fJd êzJk)2ddk of (1.26) is equal, by the P

arseval

r
e
l
a
t
i
o
n
,
 
t
o
 
L
X
E
Z
d
 
C
z
J
X
)
2
.
 
T
h
e
 
r
e
l
e
v
a
n
c
e
 
o
f
 
t
h
e
 
c
o
n
d
i
t
i
o
n
 
d
 
?
 
4
 
f
o
r
 
t
h
e

latter is evident from
 the asym

ptotic behaviour (1.21). H
ow

ever, the k-space
analysis is m

ore elem
entary, as it relies on the easy form

ulas given in (1.12)
and (1.18) rather than the deeper statem

ent (1.21). It is often m
uch easier to

use estim
ates in k-space than to w

ork directly in x-space.
It is a consequence of D

onsker's T
heorem

 ¡24J that the scaling lim
it of

sim
ple random

 w
alk is B

row
nian m

otion, in all dim
ensions. T

his m
eans that

if w
e define a random

 continuous function X
n from

 the interval ¡0,1j into jR
d

b
y
 
s
e
t
t
i
n
g
 
X
n
(
j
j
n
)
 
=
 
(
J
-
i
n
-
i
/
2
w
(
j
)
 
f
o
r
 
i
n
t
e
g
e
r
s
 
j
 
E
 
¡
O
,
n
1
,
 
a
n
d
 
i
n
t
e
r
p
o
l
a
t
i
n
g

linearly betw
een consecutive vertices, then the distribution of X

n converges
w

eakly to the W
iener m

easure. See Fig. 1.1.

1.2 U
niversality and S

pread-O
ut M

odels

I
n
 
t
h
e
s
e
 
n
o
t
e
s
,
 
w
e
 
s
t
u
d
y
 
s
e
v
e
r
a
l
 
m
o
d
e
l
s
 
t
h
a
t
 
l
i
v
e
 
o
n
 

the integer lattice,
and each has a nearest-neighbour and a spread-out version. In the nearest-
neighbour m

odel, specified by (1.1), bonds (also called edges) join pairs of



6
1 S

im
ple R

andom
 W

alk~
F
i
g
.
 
1
.
1
.
 
N
e
a
r
e
s
t
-
n
e
i
g
h
b
o
u
r
 
r
a
n
d
o
m
 
w
a
l
k
s
 
o
n
 
7
l
2
 
t
a
k
i
n
g
 
n
 
=
 
1
,
0
0
0
,
 
1
0
,
0
0
0
 
a
n
d

100,000 steps. T
he circles have radius ,¡, in units of the step size of the random

w
alk.

vertices separated by unit E
uclidean distance. In the spread-out m

odel, spec-
ified by (1.2), bonds join pairs of vertices separated by distance betw

een 1
and L, w

here L is a param
eter usually taken to be large. A

ccording to the
deep hypothesis of universality, the critical scaling of the m

odels to be studied
s
h
o
u
l
d
 
b
e
 
t
h
e
 
s
a
m
e
 
f
o
r
 
t
h
e
 
n
e
a
r
e
s
t
-
n
e
i
g
h
b
o
u
r
 
a
n
d
 
s
p
r
e
a
d
-
o
u
t
 
m
o
d
e
l
s
.

W
e use the spread-out m

odel because proofs of convergence of the lace
e
x
p
a
n
s
i
o
n
 
r
e
q
u
i
r
e
 
l
a
r
g
e
 
d
e
g
r
e
e
.
 
T
h
e
 
d
e
g
r
e
e
 
i
s
 
t
h
e
 
c
a
r
d
i
n
a
l
i
t
y
 
o
f
 
n
.
 
F
o
r
 
t
h
e

nearest-neighbour m
odel the degree is 2d, and can be taken large by increas-

ing the dim
ension. T

he degree of the spread-out m
odel is of order Ld for large

L
, and this allow

s for convergence proofs for the lace expansion w
ithout tak-

ing the dim
ension d to be large in an uncontrolled w

ay. In the applications to
be discussed, results w

il typically be obtained: (i) for the nearest-neighbour
m

odel for d ;: do for som
e do having no physical m

eaning, and (ii) for the
spread-out m

odel w
ith L

 larger than som
e L

a and d strictly greater than the
upper critical dim

ension (4 for the self-avoiding w
alk, oriented percolation and

the contact process; 6 for percolation; 8 for lattice trees and lattice anim
als).

W
hile it is of interest to prove results of type (i) w

ith do equal to the upper
critical dim

ension plus one, failing this, results of type (ii) seem
 m

ore im
por-

tant, as they indicate clearly the role of the upper critical dim
ension. A

lso, the
fact that all large L

 give rise to the sam
e scaling behaviour provides a partial

proof of universality in this context. In fact, m
uch m

ore general spread-out
m

odels than (1.2) can be handled using the lace expansion (see, e.g., ¡94,1201),
but w

e restrict attention in these notes to (1.2) for the sake of sim
plicity.

I~mr'EFtdi"
2

Lf'~1
T

he S
elf-A

voiding W
alk

T
he self-avoiding w

alk is a m
odel of fundam

ental interest in com
binatorics,

probability theory, statistical physics and polym
er chem

istry. It is a m
odel

of random
 w

alk paths but it cannot be described in term
s of transition

probabilties and thus is not even a stochastic process. It is certainly non-
M

arkovian. T
hese features m

akes the subject diffcult, and m
any of the central

problem
s rem

ain unsolved. See ¡127,158J for extensive surveys.
T

he self-avoiding w
alk is a basic exam

ple in the theory of critical phenom
-

ena, due to its close links w
ith m

odels of ferrom
agnetism

 such as the Ising
m

odeL
. In particular, it can be understood as the N

 -- 0 lim
it of the N

-vector
m

odel ¡79J (see also ¡158, Sect. 2.31). In polym
er chem

istry, self-avoiding w
alks

a
r
e
 
u
s
e
d
 
t
o
 
m
o
d
e
l
 
a
 
s
i
n
g
l
e
 
l
i
n
e
a
r
 
p
o
l
y
m
e
r
 
m
o
l
e
c
u
l
e
 
i
n
 
a
 
g
o
o
d
 
s
o
l
u
t
i
o
n
 
¡
8
0
,
 
2
0
5
J
.

T
he flexibilty of the polym

er is m
odelled by the possible configurations of a

self-avoiding w
alk, w

hile the self-avoidance constraint m
odels the excluded

volum
e effect that causes the polym

er to repel itself.
In this chapter, w

e first give an overview
 of the self-avoiding w

alk and
its predicted asym

ptotic behaviour. T
hen w

e define the bubble condition and
show

 that it is a suffcient condition for a particular critical exponent (nam
ely

')) to exist and take its m
ean-field value.

2.1 A
sym

ptotic B
ehaviour

A
n n-step self-avoiding w

alk starting at x and ending at y is an n-step w
alk

(
w
(
0
)
,
w
(
1
)
,
.
.
.
 
,
w
(
n
)
)
 
w
i
t
h
 
w
(
O
)
 
=
 
x
,
 
w
(
n
)
 
=
 
y
,
 
a
n
d
 
w
(
i
)
 
=
f
 
w
(
j
)
 
f
o
r
 
a
l
l

i =
f j. W

e w
il assum

e for sim
plicity that the w

alks take steps in n given
e
i
t
h
e
r
 
b
y
 
(
1
.
1
)
 
o
r
 
(
1
.
2
)
.
 
L
e
t
 
S
n
(
X
,
 
y
)
 
b
e
 
t
h
e
 
s
e
t
 
o
f
 
n
-
s
t
e
p
 
s
e
l
f
-
a
v
o
i
d
i
n
g
 
w
a
l
k
s

from
 x to y, let Sn =

 U
xE

zdSn(O
, x) denote the set of all n-step self-avoiding

w
alks starting from

 the origin, and let S(x, y) =
 U

~=
oSn(x, y) denote the

set of all self-avoiding w
alks of any length from

 x to y. Let cn(x, y) denote
the cardinality of Sn(x, y). In particular, co(x, y) =

 Ó
x,y. W

e w
il use the

abbreviations S
n(x) =

 S
n(O

, x), cn(x) =
 cn(O

, x), and C
n =

 ¿
xE

Z
d cn(x).
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2
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h
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T
hus C

n counts the num
ber of n-step self-avoiding w

alks that start at the
origin and end anyw

here.
M

ore generally, given a w
alk w

, let

f
 
-
1
 
i
f
 
w
(
s
)
 
=
 
w
(
t
)

U
st(w

) =
 1. 0 if w

(s) =
I w

(t),
~-~

(2.1)

(2.2)

and, for), E
 ¡O

, 1 J, let

C
~À

)(x) =
 L

 II (1 +
 ),U

st(w
)).

w
E

W
n(x) O

:'soC
t:'n

F
o
r
)
,
 
=
 
0
,
 
(
2
.
2
)
 
i
s
 
t
h
e
 
s
a
m
e
 
a
s
 
t
h
e
 
q
u
a
n
t
i
t
y
 
c
~
O
)
(
x
)
 
d
e
f
i
n
e
d
 
p
r
e
v
i
o
u
s
l
y
.
 
F
o
r

), =
 1, w

e have c~)(x) =
 cn(x), and w

e w
il usually om

it the superscript (1)
w

hen), =
 1. For 0 -c ), -c 1, (2.2) defines a m

uch-studied m
odel of w

eakly
self-avoiding w

alks (som
etim

es called the D
om

b-Joyce m
odel after ¡64J) in

w
hich w

alks w
ith self intersections receive less w

eight than w
alks that are

self-avoiding.
For), E

 ¡O
, 1 J, let

C
~À

) =
 L

 c~À
)(x).

xE
Z

d
(2.3)

Since 1 +
 ),U

st(w
) :: 1 for all s, t, w

, w
e have

II
(
1
+
)
,
U
s
t
(
w
)
)
:
:
 
I
I
 
(
1
+
)
,
U
s
t
(
w
)
)

II
(1 +

 ),U
st(w

)),
O

:'soC
t:'m

+
n

O
:'soC

t:'m
m

:'soC
t:'m

+
n

(2.4)
from

 w
hich w

e easily conclude that

C
(À

) -c c(À
) c(À

)
m
+
n
 
-
 
m
 
n
 
.

(2.5)

T
herefore, log c~

À
) is a subadditive sequence. B

y a standard lem
m

a ¡158,
L

em
m

a 1.2.2J, it follow
s that the lim

it

j
.
À
 
=
 
l
i
m
 
(
c
(
À
)
)
 
1
/
n

n
~
o
o
 
n

(2.6)

exists and that m
oreover

c~À
) ;: j.~.

(2.7)

W
hen), =

 1, j. =
 j.1 is know

n as the connective constant. For nearest-
neighbour w

alks, it is easy to see that d :: j. :: 2d - 1. T
he low

er bound
follow

s from
 the fact that C

n is at least as large as the num
ber dn of w

alks
that take steps only in the positive coordinate directions. T

he upper bound
~

ollow
s from

 the fact that C
n is at m

ost the num
ber 2d(2d - l)n-1 of w

alks
that never reverse a previous step. T

he exact value of j. is not know
n in

general, although good rigorous num
erical upper and low

er bounds have been

lf,

2.1 A
sym

ptotic B
ehaviour 9

obtained (55,106,171, 187J. N
um

erical estim
ates of j. are 2.638 and 4.684 for

nearest-neighbour self-avoiding w
alks in dim

ensions 2 and 3 respectively-in
fact there are higher precision estim

ates due to A
.J. G

uttm
ann and cow

orkers.
It has been conjectured (168-1 70j, and been confirm

ed by num
erical evidence

¡
7
0
J
,
 
t
h
a
t
 
o
n
 
t
h
e
 
2
-
d
i
m
e
n
s
i
o
n
a
l
 
h
e
x
a
g
o
n
a
l
 

lattice j. =
 )2 +

 J2. It has been
observed from

 enum
eration data that on the 2-dim

ensional square lattice j.
is very w

ell approxim
ated by the reciprocal of the sm

allest positive root of
the quartic equation 581x4 +

 7 x2 - 13 =
 0 ¡54, 137j, although no derivation or

e
x
p
l
a
n
a
t
i
o
n
 
o
f
 
t
h
i
s
 
e
q
u
a
t
i
o
n
 
h
a
s
 
b
e
e
n
 
d
i
s
c
o
v
e
r
e
d
.

For the nearest-neighbour self-avoiding w
alk on z,d, the lace expansion has

been used to prove that j.( d) has an asym
ptotic expansion to all orders in

lId, w
ith integer coeffcients, and that

1
 
3
 
1
6
 
1
0
2
 
7
2
9

j
.
(
d
)
 
=
 
2
d
 
-
 
1
 
-
 
2
d
 
-
 
(
2
d
)
2
 
-
 
(
2
d
)
3
 
-
 
(
2
d
)
4
 
-
 
(
2
d
)
5

5
5
3
3
 
4
2
2
2
9
 
2
8
8
7
6
1
 
(
1
)

- (2d)6 - (2d)7 - (2d)8 +
 0 (2d)9 .

(2.8)

I¡l,

W
ithout using the lace expansion (w

hich w
as not yet invented), the above

c
o
e
f
f
c
i
e
n
t
s
 
w
e
r
e
 
c
o
m
p
u
t
e
d
 
i
n
 
¡
7
4
J
,
 
u
p
 
t
o
 
a
n
d
 
i
n
c
l
u
d
i
n
g
 
-
1
0
2
(
2
d
)
-
4
,
 
w
i
t
h
o
u
t

a rigorous estim
ate for the error. A

bout the sam
e tim

e, the form
ula j.( d) =

2d-l-(2d)-1+
0((2d)-2) w

as proved in (140j. In ¡loi,i02J, the lace expansion
w

as used to prove the existence of an asym
ptotic expansion to all orders , and

also that j.(d) =
 2d- 1 - (2d)-1 -3(2d)-2 - 16(2d)-3 - 102(2d)-4+

0 ((2d)-5).
T

he four additional coeffcients in (2.8) w
ere obtained in (53j. It seem

s likely
t
h
a
t
 
t
h
e
 
a
s
y
m
p
t
o
t
i
c
 
e
x
p
a
n
s
i
o
n
 
h
a
s
 
r
a
d
i
u
s
 
o
f
 
c
o
n
v
e
r
g
e
n
c
e
 
z
e
r
o
,
 
t
h
o
u
g
h
 
t
h
e
r
e

is no proof of this. For further lId expansion results (but w
ithout rigorous

error estim
ates) see (77,163, 164J. For asym

ptotics of the connective constant
f
o
r
 
t
h
e
 
s
p
r
e
a
d
-
o
u
t
 
m
o
d
e
l
,
 
a
s
 
L
 
-
-
 
0
0
,
 
s
e
e
 
(
1
1
8
,
 
1
7
6
j
.

For), =
 0, w

e have seen in C
hap. 1 that c~O

) =
 I stln, and thus the num

ber of
n-step w

alks grow
s purely exponentially in n. T

here is overw
helm

ing evidence
t
o
 
s
u
p
p
o
r
t
 
t
h
e
 
b
e
l
i
e
f
 
t
h
a
t
 
f
o
r
)
,
 
E
 
(
0
,
1
J
,
 
t
h
e
 
a
s
y
m
p
t
o
t
i
c
 
f
o
r
m
 
o
f
 
c
~
À
)
 
i
s
 
g
i
v
e
n

by

c~À
) rv A

À
j.~n'l-1.

(2.9)

H
ere, A

À
 is a constant w

hich, like j.À
, depends on )" d and st, but the critical

exponent 'Y
 is independent of ), and st and is given by

1
1
 
~
d
=
1

:
 
~
d
=
2

'Y
 =

 1.162... if d =
 3

1 w
ith logarithm

ic corrections if d =
 4

1 if d ;: 5.
(2.10)
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T
he conjectured logarithm

ic correction in four dim
ensions, predicted by the

renorm
alization group m

ethod, is

c~,A
) '" A

,A
ll:W

ogn)1j4 if d =
 4.

(2.11)

T
he independence of 'l on À

 E
 (O

,IJ and D
 is referred to as universality.

S
i
m
i
l
a
r
l
y
,
 
t
h
e
 
p
o
w
e
r
 
o
f
 
t
h
e
 
l
o
g
a
r
i
t
h
m
 
i
n
 
(
2
.
1
1
)
 
i
s
 
b
e
l
i
e
v
e
d
 
t
o
 
b
e
 
u
n
i
v
e
r
s
a
L
.

T
he exponent 'l has the follow

ing probabilstic interpretation. C
onsider

the case À
 =

 1, and let an denote the probabilty that tw
o independent n-step

self-avoiding w
alks started at the origin do not have any intersection apart

from
 their com

m
on starting point. Since a non-intersecting pair of n-step self-

avoiding w
alks com

prises a single 2n-step self-avoiding w
alk, if (2.9) holds

then
2
1
-
1
 
1

C
2
n
 
_
_

an =
 -- '" A

; ni-1 .
n

(2.12)

I
n
 
d
i
m
e
n
s
i
o
n
s
 
d
 
)
.
 
4
,
 
t
h
e
 
l
a
c
e
 
e
x
p
a
n
s
i
o
n
 
h
a
s
 
b
e
e
n
 
u
s
e
d
 
t
o
 
p
r
o
v
e
 
t
h
a
t

(2.9) holds w
ith 'l =

 1 for various choices of À
 and D

, including the nearest-
neighbour m

odel w
ith À

 =
 1 ¡96-98J. N

ote that 'l =
 1 corresponds to purely

exponential grow
th on the right hand side of (2.9), as is the case for the sim

ple
random

 w
alk. A

lso, there is no decay as n -- 00 in (2.12) w
hen'l =

 1. Partial
results for the 4-dim

ensional case have been obtained in ¡43, 44, I29J (physics
references include ¡38, 651). T

he 3-dim
ensional case is com

pletely unsolved
m

athem
atically. E

vidence strongly supporting the value 'l =
 j~, w

hich w
as

first predicted in ¡I68- 1 70J, has been obtained in ¡I50J, by associating the 2-
dim

ensional self-avoiding w
alk w

ith S
LE

sj3' N
um

erical tests supporting the
role of SL

E
sj3 in the description of the 2-dim

ensional self-avoiding w
alk can be

found in ¡I39J. For d =
 1, the strictly self-avoiding nearest-neighbour m

odel is
trivial and C

~
1) =

 2 for all n 2: 1, so 'l =
 1. F

or the I-dim
ensional strictly self-

avoiding spread-out m
odel, or for the w

eakly self-avoiding w
alk for any À

 E
(0,1), the determ

ination of cn(À
) is no longer trivial, but has been analyzed

i
n
 
d
e
t
a
i
l
 
(
s
e
e
 
¡
I
6
,
8
4
,
 
1
1
6
,
 
1
4
6
1
)
.

For d =
 2, 3,4, the best upper bounds on C

n (w
ith À

 =
 1) are stil the

forty-year-old bounds

t "n exprK
n1j2J if d =

 2
n
 
-
:
 
C
 
-
:
 
t
'
 
l

l
l
 
-
 
n
 
-
 
l
l
n
e
x
p
l
K
n
2
j
C
2
+
d
)
 
1
0
g
n
J
 
i
f
 
d
 
=
 
3
,
4

f
o
r
 
a
 
p
o
s
i
t
i
v
e
 
c
o
n
s
t
a
n
t
 
K
 
¡
8
8
,
I
4
0
J
 
(
s
e
e
 
a
l
s
o
 
¡
I
5
8
,
 
C
h
a
p
t
e
r
 
3
1
)
.
 
T
h
i
s
 
i
s
 
a
 
l
o
n
g

w
ay from

 (2.9).
W

e can define a m
easure on W

n by

(2.13)

1
I
E
~
,
A
)
 
X
 
=
 
w
 
L
 
X
(
w
)
 
I
I
 
(
1
 
+
 
À
U
s
t
(
w
)
)
.

C
n w

E
W

n O
::s~t::n

(2,14)

E
x
e
r
c
i
s
e
 
2
.
1
.
 
F
o
r
 
À
 
=
 
1
,
 
t
h
e
 
a
b
o
v
e
 
m
e
a
s
u
r
e
 
i
s
 
t
h
e
 
u
n
i
f
o
r
m
 
m
e
a
s
u
r
e
 
o
n
 
S
n
'

A
 fam

ily of probability m
easures Pm

 on Sn is called consistent if Pm
(w

) =

!f'¡"!II-ir

2.1 A
sym

ptotic B
ehaviour 11

L
p;:w

 Pn(p) for all n 2: m
 and for all w

 E
 Sn, w

here the sum
 is over all p

w
hose first m

 steps agree w
ith w

. Show
 that the uniform

 m
easure does not

provide a consistent fam
ily.

Lr'ii.

T
he m

ean-square displacem
ent is 1E

~
,A

)lw
(n)12 and it is believed that

1E
~,A

)lw
(nW

 rv v,A
n2v

(2.15)

w
h
e
r
e
 
V
,
A
 
i
s
 
a
 
c
o
n
s
t
a
n
t
 
d
e
p
e
n
d
i
n
g
 
o
n
 
À
,
 
d
,
 
D
,
 
a
n
d
 
w
h
e
r
e
 
v
 
i
s
 
u
n
i
v
e
r
s
a
l
 
a
n
d

given by

1 ifd=
I

~
 
i
f
d
=
2

v =
 ( 0.588... if d =

 3
~ w

ith logarithm
ic corrections if d =

 4

~
 if d 2: 5.

(2.16)

T
he conjectured logarithm

ic correction to v in four dim
ensions, predicted by

the renorm
alization group, is

1
E
~
,
A
)
l
w
(
n
)
1
2
 
'
"
 
v
,
A
n
(
1
0
g
n
)
1
j
4
 
i
f
 
d
 
=
 
4
.

(2.17)

In dim
ensions d ). 4, the lace expansion has been used to prove that (2.15)

holds w
ith v =

 1/2 for various choices of À
 and D

, including the nearest-
neighbour m

odel w
ith À

 =
 1 ¡97,98J. Partial results for d =

 4 have been
obtained in ¡43, 44, I29J. For d =

 2,3,4, for the nearest-neighbour m
odel w

ith
À
 
=
 
1
,
 
i
t
 
i
s
 
s
t
i
l
 
a
n
 
o
p
e
n
 
p
r
o
b
l
e
m
 
e
v
e
n
 
t
o
 
p
r
o
v
e
 
t
h
e
 
"
o
b
v
i
o
u
s
"
 
b
o
u
n
d
s
 
t
h
a
t

the m
ean-square displacem

ent is bounded below
 by n (d. (1.16)) or bounded

above by const n2-e for som
e E

 ). O
. For d =

 1, the ballistic behaviour v =
 1 is

obvious for the strictly self-avoiding nearest-neighbour m
odeL

. It is not obvious
t
h
a
t
 
v
 
=
 
1
 
f
o
r
 
t
h
e
 
I
-
d
i
m
e
n
s
i
o
n
a
l
 
s
t
r
i
c
t
l
y
 
s
e
l
f
-
a
v
o
i
d
i
n
g
 
s
p
r
e
a
d
-
o
u
t
 
m
o
d
e
l
,
 
o
r

for the I-dim
ensional w

eakly self-avoiding w
alk, but ballistic behaviour has

been proved also in these cases ¡84, I46J.

~
F
i
g
.
 
2
.
1
.
 
N
e
a
r
e
s
t
-
n
e
i
g
h
b
o
u
r
 
s
e
l
f
-
a
v
o
i
d
i
n
g
 
w
a
l
k
s
 
o
n
 
'
£
2
 
t
a
k
i
n
g
 
n
 
=
 
1
0
0
,
 
1
,
0
0
0
 
a
n
d

1
0
,
0
0
0
 
s
t
e
p
s
,
 
g
e
n
e
r
a
t
e
d
 
u
s
i
n
g
 
t
h
e
 
p
i
v
o
t
 
a
l
g
o
r
i
t
h
m
 
¡
1
5
9
J
.
 
T
h
e
 
c
i
r
c
l
e
s
 
h
a
v
e
 
r
a
d
i
u
s
 
n
3
/
4
,

i
n
 
u
n
i
t
s
 
o
f
 
t
h
e
 
s
t
e
p
 
s
i
z
e
 
o
f
 
t
h
e
 
s
e
l
f
-
a
v
o
i
d
i
n
g
 
w
a
l
k
.
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T
he tw

o-point function is defined by00

G
f
'
)
(
x
)
 
=
 
L
 
c
~
'
\
)
(
x
)
z
n

n=
O

(2.18)

and the susceptibility by

00

x('\)(z) =
 L

 G
~'\)(x) =

 L
c~'\)zn.

x
E
Z
d
 
n
=
O

(2.19)

T
he latter has radius of convergence z~,\) =

 1/J-,\, by (2.6). For À
 =

 1, a
p
r
o
o
f
 
t
h
a
t
 
t
h
e
 
t
w
o
-
p
o
i
n
t
 
f
u
n
c
t
i
o
n
 
a
l
s
o
 
h
a
s
 
t
h
i
s
 
r
a
d
i
u
s
 
o
f
 
c
o
n
v
e
r
g
e
n
c
e
 
i
s
 
g
i
v
e
n

in ¡158, C
orollary 3.2.6J.

E
xercise 2.2. S

how
 that the I-dim

ensional strictly self-avoiding w
alk (À

 =
 1)

tw
o-point function is given by

n l-z2
G
z
(
k
)
 
=
 
2
 
.

1
 
+
 
z
 
-
 
2
z
 
c
o
s
 
k

(2.20)

For À
 E

 ¡O
, IJ and z E

 (0, z~,\)), the tw
o-point function decays exponentially.

T
o see this for the nearest-neighbour m

odel, w
e note that c~'\)(x) =

 0 for
n ~

 Ilxlloo, and hence

00
00

c~'\)(x)zn:: L
 c~'\) zn.

n=
lIxlloo

(2.21)
G

~'\)(x) =
 L

n=
llxlIoo

S
ince (c~

'\)) l/n -- J-,\ by (2.6), for any E
 :/ 0 there is a positive K

€,'\ such that

c~'\) :: K
€,,\(J-,\ +

 E
)n

(2.22)

for all n 2' 1. G
iven a positive z ~ z~,\) =

 J--;\ w
e choose E

(Z
) :/ 0 such that

ez,'\ =
 (J-,\ +

 E
(Z

))Z
 ~

 1. T
hen substitution of (2.22) into (2.21) gives

G
~'\)(x) :: C

z,,\ exp¡-llogez,'\lllxlloo1,
(2.23)

w
ith C

z,'\ =
 K

€(z),'\ (1 - ez,'\)-l. T
his show

s the desired exponential decay of
the subcritical tw

o-point function.
P
r
e
c
i
s
e
 
a
s
y
m
p
t
o
t
i
c
s
 
o
f
 
t
h
e
 
s
u
b
 

critical tw
o-point function are know

n in
detaiL

. T
his has been prim

arily studied for the nearest-neighbour m
odel w

ith
À

 =
 1, and w

e assum
e this for the m

om
ent. First, it can be show

n that for
".

each Z
 E

 (0, zc) there is a norm
 I 'Iz on IId satisfying Ilulloo :: Iulz :: Ilulli for

every u E
 IId, such that the lim

it

m
(
z
)
 
=
 
l
i
m
 
-
l
o
g
G
z
(
x
)

Ixlz--oo Ixlz
(2.24)

2
.
1
 
A
s
y
m
p
t
o
t
i
c
 
B
e
h
a
v
i
o
u
r

13

exists and is finite ¡158, T
heorem

 4.1.18J. T
he correlation length is defined by

~¡;~FEl'

1
ç(z) =

 m
(z)'

(2.25)

D
e
t
a
i
l
e
d
 
a
s
y
m
p
t
o
t
i
c
s
 
o
f
 
t
h
e
 
s
u
b
 

critical tw
o-point function, know

n as O
rnstein-

Z
e
r
n
i
k
e
 
d
e
c
a
y
,
 
w
e
r
e
 
o
b
t
a
i
n
e
d
 
i
n
 
¡
4
8
,
1
3
0
J
.
 
I
t
 
i
s
 
k
n
o
w
n
 
t
h
a
t
 
ç
(
z
)
 
-
-
 
0
0
 
a
s
 
Z
 
-
-
 
z
;

(
s
e
e
,
 
e
.
g
.
,
 
¡
1
5
8
,
 
C
o
r
o
l
l
a
r
y
 
4
.
1
.
1
5
1
)
,
 
a
n
d
 
i
t
 
i
s
 
p
r
e
d
i
c
t
e
d
 
t
h
a
t

1
ç
(
z
)
 
'
"
 
c
o
n
s
t
 
i
 
/
 
\
 
a
s
 
Z
 
-
-
 
z
;
;
,

1
 
-
 
Z
 
Z
c
 
1
/

(2.26)

w
ith the sam

e exponent // as in (2.16).
F
o
r
 
À
 
E
 
(
0
,
1
1
,
 
i
t
 
i
s
 
p
r
e
d
i
c
t
e
d
 
t
h
a
t
 
t
h
e
 
e
x
p
o
n
e
n
t
i
a
l
 
d
e
c
a
y
 
o
f
 
t
h
e
 
s
u
b
 

critical
t
w
o
-
p
o
i
n
t
 
f
u
n
c
t
i
o
n
 
i
s
 
r
e
p
l
a
c
e
d
 
a
t
 
z
 
=
 
Z
c
 
b
y

(
,
\
)
 
1

G
zc (x) '" constl_ln_?-ln as Ixl-- 00

(2.27)

and

ê('\)(k) '" const~
 as k -- 0

Z
c IkI2-7)

(2.28)

w
ith r¡ given in term

s of 'Y
 and // by F

isher's relation 'Y
 =

 (2 - r¡)// (and
w
i
t
h
 
n
o
 
l
o
g
a
r
i
t
h
m
i
c
 
c
o
r
r
e
c
t
i
o
n
 
f
o
r
 
d
 
=
 
4
,
 
t
o
 
l
e
a
d
i
n
g
 
o
r
d
e
r
)
.
 
E
q
u
a
t
i
o
n
 
(
2
.
2
7
)

has been proved (w
ith r¡ =

 0) for the nearest-neighbour m
odel in dim

ensions
d 2' 5 ¡90J, using the lace expansion. T

he k-space asym
ptotics are easier and

are also know
n for the nearest-neighbour m

odel w
hen d 2' 5. E

quation (2.27)
has also been proved for the spread-out m

odel w
ith d :/ 4 and L

 suffciently
large ¡91 J. In ¡39,441, (2.27) is proved for a 4-dim

ensional hierarchical m
odel

w
ith À

 suffciently sm
all (again w

ith r¡ =
 0).

I
t
 
i
s
 
a
l
s
o
 
b
e
l
i
e
v
e
d
 
t
h
a
t
,
 
f
o
r
 
a
l
l
 
À
 
E
 
(
0
,
 
1
1
,

(
,
\
)
 
1
 
_

X
 
(
z
)
 
'
"
 
c
o
n
s
\
 
/
)
 
a
s
 
Z
 
-
-
 
Z
c
 
,

1
 
-
 
Z
 
Z
c
 
'
Y

(2.29)

w
ith a m

ultiplicative factor ¡log(1 - z/zc)P
/4 w

hen d =
 4. T

his has been
proved using the lace expansion for the nearest-neighbour m

odel w
ith d ? 4

and À
 =

 1, w
ith'Y

 =
 1 ¡97,98J. In Sect. 5.4, w

e w
il see how

 to prove (2.29),
w
i
t
h
'
Y
 
=
 
1
,
 
f
o
r
 
t
h
e
 
s
p
r
e
a
d
-
o
u
t
 
m
o
d
e
l
 
w
i
t
h
 
d
 
:
/
 
4
,
 
À
 
=
 
1
,
 
a
n
d
 
L
 
s
u
f
f
c
i
e
n
t
l
y

large, and for the nearest-neighbour m
odel w

ith À
 =

 1 and d suffciently large.
T

he scaling lim
it, assum

ing it exists, is the law
 of the path n-1/w

 in the
l
i
m
i
t
 
n
 
-
-
 
0
0
 
(
a
 
f
a
c
t
o
r
 
(
l
o
g
n
)
-
1
/
4
 
s
h
o
u
l
d
 
b
e
 
i
n
c
l
u
d
e
d
 
f
o
r
 
d
 
=
 
4
)
,
 
w
h
e
r
e
 
w
 
i
s

an n-step self-avoiding w
alk. T

he scaling lim
it is believed not to depend on

À
 
E
(
O
,
 
I
J
 
i
n
 
a
n
y
 
i
m
p
o
r
t
a
n
t
 
w
a
y
.
 
T
h
i
s
 

lim
it is conjectured to be SL

E
s/3 for

d =
 2, and the lim

it is not understood for d =
 3. F

or d =
 4, the scaling lim

it
is believed to be B

row
nian m

otion, and for d 2' 5, the lace expansion has been
u
s
e
d
 
t
o
 
p
r
o
v
e
 
t
h
a
t
 
t
h
e
 
s
c
a
l
i
n
g
 
l
i
m
i
t
 
i
s
 
B
r
o
w
n
i
a
n
 
m
o
t
i
o
n
 
¡
9
7
,
 
9
8
J
.
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T
he special role of d =

 4 for the asym
ptotics of the self-avoiding w

alk is
sum

m
arized by saying that d =

 4 is the upper critical dim
ension, and that

m
ean-field behaviour applies w

hen d ? 4. A
bove d =

 4, the self-avoiding w
alk

has the sam
e leading asym

ptotics as the sim
ple random

 w
alk. Logarithm

ic
corrections to sim

ple random
 w

alk behaviour occur w
hen d =

 4, and different
pow

er law
s appear for d .: 4.

T
h
e
 
c
r
i
t
i
c
a
l
 
n
a
t
u
r
e
 
o
f
 
d
 
=
 
4
 
c
a
n
 
b
e
 
g
u
e
s
s
e
d
 
f
r
o
m
 
t
h
e
 
f
a
c
t
,
 
t
h
a
t
 
B
r
o
w
n
-

ian m
otion is 2-dim

ensional. Since tw
o 2-dim

ensional sets generically do not
intersect in m

ore than 4 =
 2 +

 2 dim
ensions, above four dim

ensions the self-
avoidance constraint does not play an im

portant role.

2.2 D
ifferential Inequalities and the B

ubble C
ondition

W
e now

 define the bubble condition and show
 that it is a suffcient condition

for a particular critical exponent (nam
ely 1') to exist and take its m

ean-field
value. T

his is a useful precursor to the lace expansion. It is also a useful pre-
cursor to the study of lattice trees and percolation, w

here the bubble condition
w

il be replaced by the square and triangle conditions, respectively.
F

or sim
plicity, w

e restrict attention in this section to the strictly self-
avoiding w

alk w
ith À

 =
 1. W

e fix n to be either (1.1) or (1.2).
T

he bubble diagram
 is defined by

B
(
z
)
 
=
 
¿
 
G
z
(
X
)
2
.

xE
Z

d
(2.30)

T
he nam

e "bubble diagram
" com

es from
 a F

eynm
an diagram

 notation in
w

hich the tw
o-point function evaluated at vertices x and y is denoted by a

line term
inating at x and y. In this notation,

B
(z) =

 ¿
 0 0 X

xE
Z

d

00'
w

here in the diagram
 on the right it is im

plicit that the unlabelled vertex is
sum

m
ed over Z

d. T
he bubble diagram

 can be rew
ritten in term

s of the Fourier
transform

 of the tw
o-point function, using (2.30) and the Parseval relation, as

2
 
'
2
 
l
 
,
 
2
 
d
d
k

B
(z) =

 IIG
zl12 =

 IIG
zl12 =

 G
z(k) (2 )d

(-n,nJd 7f
T
h
e
 
b
u
b
b
l
e
 
c
o
n
d
i
t
i
o
n
 
i
s
 
t
h
e
 
s
t
a
t
e
m
e
n
t
 
t
h
a
t
 
B
(
z
c
)
 
.
:
 
0
0
.
 
I
n
 
o
t
h
e
r
 
w
o
r
d
s
,
 
t
h
e

bubble conditio~ states that G
zJk) is square integrable. R

ecall that square
i
n
t
e
g
r
a
b
i
l
i
t
y
 
o
f
 
C
i
/
1
n
l
(
k
)
 
w
a
s
 
i
m
p
o
r
t
a
n
t
 
i
n
 
E
x
e
r
c
i
s
e
 
1
.
7
.
 
'

In view
 of the definition of r¡ in (2.27) or (2.28), it follow

s from
 (2.31) that

the bubble condition is satisfied provided r¡ ? (4 - d)j2. H
ence the bubble

condition for d ? 4 is im
plied by the infrared bound r¡ .2: O

. If the values

(2.31)

2.2 D
ifferential Inequalities and the B

ubble C
ondition

15

iIl

f
o
r
 
r
¡
 
a
r
i
s
i
n
g
 
f
r
o
m
 
F
i
s
h
e
r
'
s
 
r
e
l
a
t
i
o
n
 
a
n
d
 
t
h
e
 
c
o
n
j
e
c
t
u
r
e
d
 
v
a
l
u
e
s
 
o
f
 
l
'
 
a
n
d
 
Z
J

are correct, then the bubble condition w
il not hold in dim

ensions 2, 3 or 4,
w

ith the divergence of the bubble diagram
 being only logarithm

ic in four
dim

ensions.
T

hroughout these notes,

f(z) ~
 g(z) denotes c-ig(z):: f(z) :: cg(z)

(2.32)
for som

e c ? 0, uniform
ly in z .: zc. In this section, w

e prove a differential
inequality for the susceptibilty, w

hich show
s that the bubble condition im

plies
that l' =

 1 in the sense that x(z) ~ (1 - zj zc)-i. In fact, the low
er bound

x(z) ? ~
Z
c
 
-
 
Z

(2.33)

is an im
m

ediate consequence of (2.19) and the subadditivity bound C
n 2: fLn =

z;n, and holds w
ith or w

ithout the bubble condition. It rem
ains to prove that

the com
plem

entary upper bound

x(z) :: const~
Z
c
 
-
 
z

(2.34)

is a consequence of the bubble condition. T
his w

il be show
n in the follow

ing
t
h
e
o
r
e
m
.
 
I
n
 
C
h
a
p
.
 
5
,
 
w
e
 
w
i
l
 
u
s
e
 
t
h
e
 
l
a
c
e
 
e
x
p
a
n
s
i
o
n
 
t
o
 
p
r
o
v
e
 
t
h
e
 
b
u
b
b
l
e
 
c
o
n
-

dition for the spread-out m
odel (1.2) for d ? 4 w

ith L
 suffciently large, and

for the nearest-neighbour m
odel w

ith d suffciently large.
A

 version of T
heorem

 2.3 w
as proved in ¡36J. T

he role of the bubble con-
dition in proving m

ean-field behaviour for spin system
s in dim

ensions d ? 4
w

as developed previously, in ¡3, 76, 192j (see also ¡73J). In Sect. 5.4, it w
il be

show
n that the lace expansion actually provides a differential equality in place

of the differential inequalities of T
heorem

 2.3.

T
heorem

 2.3. F
or 0 .: z .: Z

ci the susceptibility obeys the differential in-
equalities

X
(
Z
)
2
 
d

B
(
z
)
 
:
:
 
d
z
 
¡
Z
X
(
z
)
j
 
:
:
 
X
(
z
)
2

(2.35)

and the inequalities

Z
c

~
 :: X

(z) .: B
( ) 2zc - z

c
 
Z
 
-
 
Z
c

Z
c - Z

 .
(2.36)

T
h
u
s
 
t
h
e
 
b
u
b
b
l
e
 
c
o
n
d
i
t
i
o
n
 
i
m
p
l
i
e
s
 
t
h
a
t
 
X
(
z
)
 
~
 
(
1
 
-
 
z
j
 
z
c
)
-
i
,
 
w
h
i
c
h
 
i
s
 
t
o
 
s
a
y

that l' exists and equals 1.

P
roof. W

e first prove the differential inequalities (2.35). B
y definition,

00

x(z) =
 ¿cnZ

n =
 ¿ ¿ zlw

l,
n=

O
 Y

 w
E

S
(O

,y)
(2.37)
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w
here iw

l denotes the num
ber of steps in w

. For 0 oe z oe zc, term
 by term

d
i
f
f
e
r
e
n
t
i
a
t
i
o
n
 
g
i
v
e
s

d
Q

(z) =
 d)zx(z)J =

 L L (Iw
l +

 1)zlw
l,

y
 
w
E
5
(
0
,
y
)

(2.38)

w
here the first equality defines Q

(z). T
his can be rew

ritten as

Q
(
z
)
 
=
 
L
 
L
 
L
1
l
w
(
j
)
 
=
 
x
 
f
o
r
 
s
o
m
e
 
j
J
z
1
w
1

y
 
w
E
5
(
0
,
y
)
 
x

L
L

Z
I
W
(
l
)
 
1
+
l
w
(
2
)
 
I
 
I
l
w
(
l
)
 
n
 
W
(
2
)
 
=
 
r
 
x
:
¡
 
1
,
 
(
2
.
3
9
)

x
,
y
 
w
(
l
)
 
E
 
5
(
0
,
 
x
)

W
(
2
)
 
E
 
5
(
x
,
 
y
)

w
here I denotes the indicator function.

If w
e ignore the m

utual avoidance of w
(l) and w

(2) in (2.39), w
e obtain the

upper bound
d
(
z
X
(
z
)
)
 
:
:
 
X
(
z
)
2

(2.40)

o
f
 
(
2
.
3
5
)
.

T
o obtain a com

plem
entary bound, w

e rew
rite Q

(z) by using the inclusion-
exclusion relation in the form

Ilw
(l) n W

(2) =
 r x:¡ J =

 1 - Ilw
(l) n w

(2) =
I r x:¡ j.

T
h
i
s
 
g
i
v
e
s

Q
(z) =

 X
(z)2 - L

L
z
l
w
(
1
)
1
+
l
w
(
2
)
I
I
l
w
(
1
)
 
n
w
(
2
)
 
=
I
 
r
x
:
¡
i
.
 
(
2
.
4
1
)

x
,
y
 
w
(
l
)
 
E
 
5
(
0
,
 
x
)

w
(
2
)
 
E
 
5
(
x
,
 
y
)

S
i
n
c
e
 
x
 
E
 
w
(
l
)
 
n
 
W
(
2
)
 
,
 
t
h
e
 
i
n
d
i
c
a
t
o
r
 
f
o
r
c
e
s
 
a
 
n
o
n
t
r
i
v
i
a
l
 
i
n
t
e
r
s
e
c
t
i
o
n
.
 
I
n
 
t
h
e
 
l
a
s
t

term
 on the right hand side of (2.41), let w

 =
 w

(2)(l) be the site of the last
intersection of W

(2) w
ith w

(I), w
here tim

e is m
easured along w

(2) beginning at
its starting point x. T

hen the portion of w
(2) corresponding to tim

es greater
than L m

ust avoid all of w
(I). R

elaxing the restrictions that this portion of
w

(2) avoid both the rem
ainder of w

(2) and the part of w
(1) linking w

 to x,
and also relaxing the m

utual avoidance of the tw
o portions of w

(1), gives the
upper bound

L
L

z
l
w
(
1
)
1
+
l
w
(
2
)
I
I
l
w
(
l
)
 
n
w
(
2
)
 
=
I
 
r
x
:
¡
J
 
:
:
 
Q
(
z
)
l
B
(
z
)
 
-
 
1
1
,
 
(
2
.
4
2
)

x
,
y
 
w
(
1
)
 
E
 
5
(
0
,
 
x
)

w
(
2
)
 
E
 
5
(
x
,
 
y
)

as ilustrated in Fig. 2.2. H
ere the factor B

(z) - 1 arises from
 the tw

o paths
joining w

and x. T
he upper bound involves B

(z) - 1 rather than B
(z) since

there w
il be no contribution from

 the x =
 0 term

 in (2.30).

2.2 D
ifferential Inequalities and the B

ubble C
ondition

17

ii

D
h
:
:
 
_
 
D
~

A
I
 
A
¡
C

F E

Q
(z)

¡A
D

J ¡A
D

, A
E

, C
D

, E
D

) ¡E
F)

Fig. 2.2. A
 diagram

m
atic representation of the inequality X

(Z
)2 - Q

(z)(E
(z) -

1J :: Q
(z). T

he lists of pairs of lines indicate interactions, in the sense that the
corresponding w

alks m
ust avoid each other.

E
xercise 2.4. C

onvince yourself that (2.42) is correct.

C
om

bining (2.41) and (2.42) gives

Q
(z) 2: X

(z)2 - Q
(zH

B
(z) - 1j.

(2.43)

S
o
l
v
i
n
g
 
f
o
r
 
Q
(
z
)
 
g
i
v
e
s

Q
(z) 2: X

(z)2
B

(z) ,
(2.44)

w
hich is the low

er bound of (2.35).
N

ext, w
e show

 that (2.35) im
plies (2.36). T

he low
er bound of (2.36) has

already been established in (2.33) (and also follow
s by integration ofthe upper

bound of (2.35)). T
o obtain the upper bound of (2.36) from

 the low
er bound

of (2.35), w
e proceed as follow

s. Let Z
I E

 lO
, zc). T

he low
er bound of (2.35)

im
plies that, for z E

 rz, zc),

( dX
-I) 1 1 1 1

z
 
-
-
-
 
2
:
 
B
(
z
)
-
 
X
(
z
)
 
2
:
 
B
(
z
c
)
 
-
 
X
(
Z
I
)
'

(2.45)

w
here X

-I denotes the reciprocaL. W
e bound the factor of z on the left hand

s
i
d
e
 
b
y
 
Z
c
 
a
n
d
 
t
h
e
n
 
i
n
t
e
g
r
a
t
e
 
f
r
o
m
 
Z
I
 
t
o
 
z
c
.
 
U
s
i
n
g
 
t
h
e
 
f
a
c
t
 
t
h
a
t
 
X
(
z
c
)
-
I
 
=
 
0

by (2.33), this givesz
c
X
(
Z
i
)
-
1
 
2
:
 
l
B
(
z
c
)
-
1
 
-
 
X
(
z
i
)
-
I
J
(
z
c
 
-
 
Z
i
)
.

(2.46)

R
e
w
r
i
t
i
n
g
 
g
i
v
e
s
 
t
h
e
 
u
p
p
e
r
 
b
o
u
n
d
 
o
f
 
(
2
.
3
6
)
.
 
.

B
y (2.39), Q

(z) is the generating function for pairs of self-avoiding w
alks

w
hich do not intersect each other apart from

 their com
m

on starting point. It
follow

s from
 T

heorem
 2.3 that if the bubble condition holds then

Q
(z) :: 1,

X
(z)2

(2.47)

a relation related to the non-vanishing of the non-intersection probability an
of (2.12), as n --00, w

hen 'Y
 =

 1.



'riii

3
,-r-;

T
he Lace E

xpansion for the S
elf-A

voiding W
alk

T
he lace expansion w

as derived by B
rydges and S

pencer in ¡45j. T
heir deriva-

t
i
o
n
,
 
w
h
i
c
h
 
i
s
 
g
i
v
e
n
 
b
e
l
o
w
 
i
n
 
S
e
c
t
s
.
 

3.2-3.3, involves an expansion and re-
sum

m
ation procedure closely related to the cluster expansions of statistical

m
echanics ¡40j. It w

as later noted that the lace expansion can also be seen as
r
e
s
u
l
t
i
n
g
 
f
r
o
m
 
r
e
p
e
a
t
e
d
 
a
p
p
l
i
c
a
t
i
o
n
 
o
f
 
t
h
e
 
i
n
c
l
u
s
i
o
n
-
e
x
c
l
u
s
i
o
n
 
r
e
l
a
t
i
o
n
 
¡
1
8
6
j
.

F
or a m

ore com
binatorial description of the lace expansion, see ¡211 j. W

e first
discuss the inclusion-exclusion approach.

3.1 Inclusion-E
xclusion

i

T
he inclusion-exclusion approach to the lace expansion is closely related to

the m
ethod of proof of T

heorem
 2.3. In that proof, a single inclusion-exclusion

w
as used to obtain upper and low

er bounds. H
ere, w

e w
il derive an identity

by using repeated inclusion-exclusion.
F

or sim
plicity, w

e restrict attention to the strictly self-avoiding w
alk (À

 =
1). W

e consider a w
alk taking steps in a finite set fl, so that w

( i+
 1) -w

( i) E
 fl

for each i, but there is no need here for a sym
m

etry assum
ption and fl is an

arbitrary finite set. A
s in (1.10), w

e w
rite

1
D

(x) =
 i-I¡x E

 fll.
(3.1)

W
e rew

rite cn(x) using the inclusion-exclusion relation. N
am

ely, w
e first

count all w
alks from

 0 to x w
hich are self-avoiding after the first step, and then

s
u
b
t
r
a
c
t
 
t
h
e
 
c
o
n
t
r
i
b
u
t
i
o
n
 
d
u
e
 
t
o
 
t
h
o
s
e
 
w
h
i
c
h
 
a
r
e
 
n
o
t
 
s
e
l
f
-
a
v
o
i
d
i
n
g
 
f
r
o
m
 
t
h
e

beginning, i.e., w
alks that return to the origin. Since ci(O

,y) =
 1 for y E

 fl,
t
h
i
s
 
g
i
v
e
s

C
n(x) =

 (ci * cn-i)(x) - L L I¡O
 E

 w
(1)j. (3.2)

yE
D

 w
(1) E

S
n-i (y,x)
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20
3 T

he Lace E
xpansion for the S

elf-A
voiding W

alk

C
om

paring w
ith (1.5), it is the second term

 on the right hand side that m
akes

the above equation interesting.
T

he inclusion-exclusion relation can now
 be applied to the last term

 of
(3.2), as follow

s. Let 8 be the first (and only) tim
e that w

(1)(8) =
 O

. T
hen for

Y
 E

 D
,

L
 
I
¡
O
 
E
 
w
(
1
)
J

w
(l) E

S
n-1 (y,x)

n-1

=
 
L
 
L
 
I
¡
w
(
2
)
 
n
 
w
(
3
)
 
=
 
r
O
l
J

s=
1 w

(2) E
 S

s (y, 0)
w

(3) E
 Sn-l-s(O

,X
)

(3.3)

n-1

=
 L rcs(Y

, O
)C

n-1-s(O
, x) - L I¡w

(2) n w
(3) =

I rO
lJJ.

s=
1 w

(2) E
 S

s(Y
, 0)

w
(
3
)
 
E
 
S
n
-
l
-
s
(
O
,
 
x
)

W
e can interpret cs(Y

, 0) as the num
ber of (8 +

 I)-step w
alks w

hich step from
the origin directly to y, then return to the origin in 8 steps, and w

hich have
distinct vertices apart from

 the fact that they return to their starting point.
Let U

s denote the set of all 8-step self-avoiding loops at the origin (8-step
w

alks w
hich begin and end at the origin but w

hich otherw
ise have distinct

vertices), and let U
s be the cardinality of U

s' T
hen

L
L

i
¡
O
 
E
 
w
(
1
)
J

yE
D

 w
(l) E

S
n-1 (y,x)
n
 
n

=
 
L
 
u
s
c
n
-
s
(
x
)
 
-
 
L
 
L
 
I
¡
w
(
2
)
 
n
 
w
(
3
)
 
=
I
 
r
O
J
j
 
(
3
.
4
)

s
=
2
 
s
=
2
 
w
(
2
)
 
E
 
U
s

w
(3) E

 S
n-s (0, x)

C
ontinuing in this fashion, in the last term

 on the right hand side of the
a
b
o
v
e
 
e
q
u
a
t
i
o
n
,
 
l
e
t
 
t
 
~
 
1
 
b
e
 
t
h
e
 
f
i
r
s
t
 
t
i
m
e
 
a
l
o
n
g
 
w
(
3
)
 
t
h
a
t
 
w
(
3
)
 
(
t
)
 
E
 
w
(
2
)
,
 
a
n
d

let v =
 w

(3) (t). T
hen the inclusion-exclusion relation can be applied again

to rem
ove the avoidance betw

een the portions of w
(3) before and after t,

and correct for this rem
oval by the subtraction of a term

 involving a further
intersection. R

epetition of this procedure leads to the convolution equation

n
C
n
(
O
,
 
x
)
 
=
 
(
I
D
I
D
 
*
 
C
n
-
1
)
(
X
)
 
+
 
L
 
(
7
r
m
 
*
 
c
n
-
m
)
(
x
)
,
 
(
3
.
5
)

m
=

2

w
here w

e have used C
1(X

) =
 ID

ID
(x), and w

here 7rm
 is given by

00

7
r
m
(
v
)
 
=
 
L
(
-
i
)
N
7
r
~
)
(
v
)
,

N
=

1

w
ith the term

s on the right hand side defined as follow
s. T

he N
 =

 1 term
 is

given by

(3.6)

3
.
2
 
E
x
p
a
n
s
i
o
n

21

I~'"¡;~

7
r
~
)
(
v
)
 
=
 
Ó
O
,
v
u
m
 
=
 
Ó
O
,
v
 
0
 
0
 
'

w
here the diagram

 represents U
m

' T
he N

 =
 2 term

 is

7
r
~
)
(
v
)
 
=
 
L
 
L
 
L
 
L
 
I
(
w
1
,
w
2
,
w
3
)
,

m
i
,
 
m
2
,
 
m
3
 
:
 
W
i
 

E
S

",1 (O
,v) w

2E
S

"'2 (v,O
) W

3E
S

"'3 (O
,v)

m
i +

 m
2 +

 m
3 =

 m

w
here I(w

1,w
2,w

3) is equal to 1 ifthe W
i are pairw

ise m
utually avoiding apart

from
 their com

m
on endpoints, and otherw

ise equals O
. D

iagram
m

atically this
can be represented by

~
!,)(v) ~

 08 v

w
here each line represents a sum

 over self-avoiding w
alks betw

een the end-
points of the line, w

ith m
utual avoidance betw

een the three pairs of lines in
the diagram

. S
im

ilarly

7
r
~
)
(
v
)
 
-
 
~
,

o
 
v

w
here now

 there is m
utual avoidance betw

een som
e but not all pairs of lines in

the diagram
; a precise description requires som

e care. T
he unlabelled vertex is

sum
m

ed over -l.d A
 slashed diagram

 line is used to indicate a w
alk w

hich m
ay

have zero steps, i.e., be a single site, w
hereas lines w

ithout a slash correspond
to w

alks of at least one step. A
ll the higher order term

s can be expressed
as diagram

s in this w
ay, and w

ith som
e care it is possible to keep track of

the pattern of m
utual avoidance betw

een subw
alks (individual lines in the

diagram
) w

hich em
erges. T

he algebraic derivation of the expansion, described
next, keeps track of this m

utual avoidance autom
atically. E

quations (3.5)-
(3.6) constitute the lace expansion. N

o laces have appeared yet, but they w
il

com
e later.

E
xercise 3.1. D

eterm
ine a precise expression for 7r~

) (v). W
hat is the picture

for 7r~)(v)?

3.2 E
xpansion

I
n
 
t
h
i
s
 
a
n
d
 
t
h
e
 
f
o
l
l
o
w
i
n
g
 
s
e
c
t
i
o
n
,
 
w
e
 
g
i
v
e
 
t
h
e
 
o
r
i
g
i
n
a
l
 
d
e
r
i
v
a
t
i
o
n
 
o
f
 
t
h
e
 
l
a
c
e

expansion due to B
rydges and S

pencer ¡45J. T
he expansion applies in a m

ore
general context than w

e have considered so far, and w
e w

il give a quite general
derivation.



2
2
 
3
 
T
h
e
 
L
a
c
e
 
E
x
p
a
n
s
i
o
n
 
f
o
r
 
t
h
e
 
S
e
l
f
-
A
v
o
i
d
i
n
g
 
W
a
l
k

C
onsider w

alks taking steps in a finite subset 51 c 7ld. S
uppose that to

each w
alk w

 =
 (w

(0),w
(1),... ,w

(n)) and each pair s, t E
 rO

, 1,..., n), w
e are

given a com
plex num

ber U
st(w

) (for exam
ple, (2.1)).

D
efinition 3.2. (i) G

iven an interval I =
 la, bJ of positive integers, w

e refer
to a pair r s, t l (s 0: t) of elem

ents of I as an edge. T
o abbreviate the notation,

w
e usually w

rite st for rs, tl. A
 set of edges is called a graph. T

he set of all
graphs on la, bJ is denoted B

la, bJ.
(
i
i
)
 
A
 
g
r
a
p
h
 
r
 
i
s
 
s
a
i
d
 
t
o
 
b
e
 
c
o
n
n
e
c
t
e
d
 
i
f
 
b
o
t
h
 
a
 
a
n
d
 
b
 
a
r
e
 
e
n
d
p
o
i
n
t
s
 
o
f
 
e
d
g
e
s

i
n
 
r
,
 
a
n
d
 
i
f
 
i
n
 
a
d
d
i
t
i
o
n
,
 
f
o
r
 
a
n
y
 
c
 
E
 
(
a
,
 
b
)
,
 
t
h
e
r
e
 
a
r
e
 
s
,
 
t
E
l
a
,
 
b
J
 
s
u
c
h
 
t
h
a
t
 
s
O
:

c
O
:
 
t
 
a
n
d
 
s
t
 
E
 
r
.
 
I
n
 
o
t
h
e
r
 
w
o
r
d
s
,
 
r
 
i
s
 
c
o
n
n
e
c
t
e
d
 
i
f
,
 
a
s
 
i
n
t
e
r
v
a
l
s
,
 
U
s
t
E
T
(
S
,
 
t
)
 
=

(
a
,
b
)
.
 
T
h
e
 
s
e
t
 
o
f
 
a
l
l
 
c
o
n
n
e
c
t
e
d
 
g
r
a
p
h
s
 
o
n
 
l
a
,
b
J
 
i
s
 
d
e
n
o
t
e
d
 
9
l
a
,
b
J
.

A
n apology is required for graph theorists. T

he above notion of connectiv-
ity is not the usual notion of path-connectivity in graph theory. Instead, the
above notion relies heavily on the fact that the vertices of the graph are lin-
early ordered in tim

e, and m
ay be justified by the fact that connected graphs

are those for w
hich U

stE
T

(S
, t) is equal to the connected interval (a, b). In any

event, it is decidedly not path-connectivity. T
here are connected graphs that

are not path-connected, and vice versa. It is convenient to have in m
ind the

representation of graphs ilustrated in F
ig. 3.1.

W
e set K

la, aJ =
 1, and for a 0: b w

e define

K
¡
a
,
 
b
j
 
=
 
I
I
 
(
1
 
+
 
U
s
t
)
,

a::soC
t::b

(3.7)

w
here the dependence on w

 is left im
plicit. B

y expanding the product in (3.7),
w

e obtain
K
¡
a
,
 
b
J
 
=
 
L
 
I
I
 
U
s
t
'

T
E

ß
¡a,bj stE

T
(3.8)

(a)
. .

a
b

~
~

a
b

(b)
.

a
b

.

a
b

Fig. 3.1. G
raphs in w

hich an edge st is represented by an arc joining sand t. T
he

g
r
a
p
h
s
 
i
n
 
(
a
)
 
a
r
e
 
n
o
t
 
c
o
n
n
e
c
t
e
d
,
 
w
h
e
r
e
a
s
 
t
h
e
 
g
r
a
p
h
s
 
i
n
 
(
b
)
 
a
r
e
 
c
o
n
n
e
c
t
e
d
.

rii!!1

3.2 E
xpansion 23

N
ote that B

la, bJ contains the graph w
ith no edges, so our convention that

K
¡a, aj =

 1 is consistent w
ith the standard convention that an em

pty product
i
s
 
e
q
u
a
l
 
t
o
 
1
.

E
xercise 3.3. P

rove (3.8).

W
e set J¡a, aJ =

 1, and for a 0: b w
e define a quantity analogous to K

la, bJ,
but w

ith the sum
 over graphs restricted to connected graphs:

Jla,bJ =
 L

 II U
st.

T
E

Q
(a,bJ stE

T
(3.9)

L
em

m
a 3.4. For any a 0: b,

b

K
l
a
,
 
b
J
 
=
 
K
l
a
 
+
 
1
,
 
b
J
 
+
 
L
 
J
l
a
,
j
J
K
l
J
,
 
b
j
.

j=
a+

l
(3.10)

Proof. T
he contribution to the sum

 on the right hand side of (3.8) due to all
g
r
a
p
h
s
 
r
 
f
o
r
 
w
h
i
c
h
 
a
 
i
s
 
n
o
t
 
i
n
 
a
n
 
e
d
g
e
 
i
s
 
e
x
a
c
t
l
y
 
K
l
a
 
+
 
1
,
 
b
j
.
 
T
o
 
r
e
s
u
m
 
t
h
e

contribution due to the rem
aining graphs, w

e proceed as follow
s. If r does

contain an edge containing a, let j (r) be the largest value of j such that the
s
e
t
 
o
f
 
e
d
g
e
s
 
i
n
 
r
 
w
i
t
h
 
b
o
t
h
 
e
n
d
s
 
i
n
 
t
h
e
 
i
n
t
e
r
v
a
l
 

la, jJ form
s a connected graph

o
n
 
l
a
,
j
j
.
 
T
h
e
n
 
t
h
e
 
s
u
m
 
o
v
e
r
 
r
 
f
a
c
t
o
r
i
z
e
s
 
i
n
t
o
 
s
u
m
s
 
o
v
e
r
 
c
o
n
n
e
c
t
e
d
 
g
r
a
p
h
s
 
o
n

la, jJ and arbitrary graphs on lj, bJ, and resum
m

ation of the latter gives
b

K
l
a
,
 
b
J
 
=
 
K
¡
a
 
+
 
1
,
 
b
J
 
+
 
L
 
L
 
I
I
 
U
s
t
 
K
l
J
,
 
b
J
,

j
=
a
+
l
 
T
E
Q
¡
a
,
j
J
 
s
t
E
T

(3.11)

w
hich w

ith (3.9) proves the lem
m

a.
L

et
.

C
n(X

) =
L

(3.12)
L II

K
lO

,nJ =
(1 +

 U
st(w

)),
w

E
W

n(x)
w

E
W

n(x) O
::soC

t::n

a generalization of (2.2). It is sim
plest if w

e assum
e that U

st(w
) is invariant

under spatial translation of w
, and under an equal shift of each of s, t and the

tim
e param

eter of w
, and w

e m
ake this assum

ption. N
ote that (2.1) obeys the

assum
ption. W

e substitute (3.10) into (3.12). A
 key point is that in the last

term
 of (3.10) the portion of the w

alk from
 tim

e j onw
ards is independent of

t
h
e
 
p
o
r
t
i
o
n
 
u
p
 
t
o
 
t
i
m
e
 
j
.
 
L
e
t

7lm
(X

) =
 L JlO

, m
j.

w
E

W
",(O

,x)
(3.13)

T
hen for n :: 1, w

e obtain
n

c
n
(
x
)
 
=
 
(
I
D
I
D
 
*
 
C
n
-
l
)
(
X
)
 
+
 
L
 
(
7
l
m
 
*
 
c
n
-
m
)
(
x
)
,

m
=

l
(3.14)
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3.3 L

aces and R
esum

m
ation

25

a
s
 
i
n
 
(
3
.
5
)
.
i
 
T
o
 
o
b
t
a
i
n
 
a
 
m
o
r
e
 
u
s
e
f
u
l
 
r
e
p
r
e
s
e
n
t
a
t
i
o
n
 
o
f
 
7
r
m
 
t
h
a
n
 
(
3
.
1
3
)
,
 
w
e

perform
 a resum

m
ation of (3.13) using the notion of laces.

3.3 L
aces and R

esum
m

ation
Si

ti

D
e
f
i
n
i
t
i
o
n
 
3
.
5
.
 
A
 
l
a
c
e
 
i
s
 
a
 
m
i
n
i
m
a
l
l
y
 
c
o
n
n
e
c
t
e
d
 
g
r
a
p
h
,
 
i
.
e
.
,
 
a
 
c
o
n
n
e
c
t
e
d
 
g
r
a
p
h

for w
hich the rem

oval of any edge w
ould result in a disconnected graph. T

he
s
e
t
 
o
f
 
l
a
c
e
s
 
o
n
 
¡
a
,
 
b
J
 
i
s
 
d
e
n
o
t
e
d
 
b
y
 
.
q
a
,
 
b
J
,
 
a
n
d
 
t
h
e
 
s
e
t
 
o
f
 
l
a
c
e
s
 
o
n
 
¡
a
,
 
b
J
 
w
h
i
c
h

consist of exactly N
 edges is denoted Ô

N
) la, bJ.

W
e w

rite L
 E

 Ô
N

)la, bJ as L
 =

 rsiti,..., sN
tN

)- w
ith s¡ ~ t¡ for each l.

T
he fact that L

 is a lace is equivalent to a certain ordering of the s¡ and t¡.
For N

 =
 1, w

e sim
ply have a =

 Si ~ ti =
 b. For N

 2: 2, L
 E

 Ô
N

) la, bJ if and
only if

.....
Si

S2
ti

t2

Si
82

ti
83

t2
t3

a =
 Si ~ S2, S/+

i ~ t¡ :s S¡+
2 (l =

 1,..., N
 - 2), SN

 ~ tN
-i ~ tN

 =
 b

(3.15)
(for N

 =
 2 the vacuous m

iddle inequalities play no role); see Fig. 3.2. T
hus L

divides la, bJ into 2N
 - 1 subintervals:

¡Si,s2J, lS2,tiJ, lti,S3J, ¡S3,t2J, ... ,¡SN
,tN

-iJ, ¡tN
-i,tN

J.

S
i
 
8
2
 
t
i
 
S
3
 
t
2
 
S
4
 
t
3
 
t
4

F
ig. 3.2. Laces in ¡:N

) la, bj for N
 =

 1,2,3,4, w
ith 8i =

 a and tN
 =

 b.
(3.16)

O
f
 
t
h
e
s
e
,
 
i
n
t
e
r
v
a
l
s
 
n
u
m
b
e
r
 
3
,
5
,
 
.
.
.
,
 
(
2
N
 
-
 
3
)
 
c
a
n
 
h
a
v
e
 
z
e
r
o
 
l
e
n
g
t
h
 
f
o
r
 
N
 
2
:
 
3
,

w
hereas all others have length at least 1.

(a)
r

a
b

E
xercise 3.6. Prove that (3.15) characterizes laces.

L
r

G
iven a connected graph r E

 m
a, bJ, the follow

ing prescription associates
to r a unique lace Lr C

 r: T
he lace Lr consists of edges siti, S

2t2,"', w
ith

ti, S
i, t2, S

2, . . . determ
ined, in that order, by

a
b

(b)
L

. ..
a...... ...............-.... ................ b

t
i
=
m
a
x
r
t
:
a
t
E
r
:
¡
,
 
S
i
=
a
,

ti+
i =

 m
axrt: 3s ~

 ti such that st E
 r:¡, S

i+
1 =

 m
inrs: sti+

i E
 r)-.

T
he procedure term

inates w
hi;Jl ti+

i =
 b. G

iven a lace L
, the set of all edges

st'¡L such that LLufst¡' =
 L is denoted C

(L). E
dges in C

(L) are said to be
com

patible w
ith L

. Fig. 3.3 ilustrates these definitions.

(c)
L

a
b

Fig. 3.3. (a) A
 connected graph r and its associated lace L

 =
 L

r. (b) T
he dotted

edges are com
patible w

ith the lace L
. (c) T

he dotted edge is not com
patible w

ith
t
h
e
 
l
a
c
e
 
L
.

E
xercise 3.7. Show

 that L
r L

 if and only if L
 is a lace, L

 c r, and
r\L

cC
(L

).
i
 
F
o
r
 
m
 
=
 
1
,
 
t
h
e
r
e
 
i
s
 
a
 
s
i
n
g
l
e
 
c
o
n
n
e
c
t
e
d
 
g
r
a
p
h
 
-
(
0
1
)
,
 
a
n
d
 
w
h
e
n
 
U
s
t
 
i
s
 
g
i
v
e
n
 
b
y

(2.1) w
e have 7ri(x) =

 LW
E

W
i(O

,x) U
oi(w

) =
 0, since it is alw

ays the case that
w

(O
) of w

(1). T
hus the sum

 over m
 in (3.14) can be started at m

 =
 2 in this case.

T
he sum

 over connected graphs in (3.9) can be perform
ed by first sum

-
m
i
n
g
 
o
v
e
r
 
a
l
l
 

laces and then, given a lace, sum
m

ing over all connected graphs
a
s
s
o
c
i
a
t
e
d
 
t
o
 
t
h
a
t
 
l
a
c
e
 
b
y
 
t
h
e
 
a
b
o
v
e
 
p
r
e
s
c
r
i
p
t
i
o
n
.
 
T
h
i
s
 
g
i
v
e
s

Jla, bJ =
 L

 II U
st

L
E
,
q
a
,
b
)
 
s
t
E
L

L II
U

s't'.
(3.17)

r:Lr=
L s't'E

r\L
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B
u
t
,
 
w
r
i
t
i
n
g
 
r
'
 
=
 
r
 
\
 
L
,
 
i
t
 
f
o
l
l
o
w
s
 
f
r
o
m
 
E
x
e
r
c
i
s
e
 
3
.
7
 
t
h
a
t

L II
r:L

r=
L

 sftfE
r\L

L
 
I
I
 
U
s
f
t
f
 
=
 
I
I

r
'
C
C
(
L
)
 
s
'
t
'
E
r
'
 
s
f
t
f
E
C
(
L
)

U
sftf

(1 +
 U

sftf).
(3.18)

T
herefore,

J
¡
a
,
 
b
j
 
=
 
L
 
I
I
 
U
s
t
 
I
I
 
(
1
 
+
 
U
s
'
t
f
)
.

L
E

.cra,bJ stE
L

 s't'E
C

(L
)

I
n
s
e
r
t
i
n
g
 
t
h
i
s
 
i
n
 
(
3
.
1
3
)
 
g
i
v
e
s

(3.19)

1T
m

(X
) =

 L
 L

 II U
st II (1 +

U
sft').

w
E
W
"
,
(
O
,
x
)
 
L
E
.
c
(
O
,
m
J
 
s
t
E
L
 
s
f
t
'
E
C
(
L
)

(3.20)

For a ~ b w
e define J(N

) ¡a, bj to be the contribution to (3.17) from
 laces

consisting of exactly N
 bonds:

J(N
) 

¡a, bJ =
 L II U

st II (1 +
 U

s't').
L
E
.
c
C
N
)
r
a
,
b
J
 
s
t
E
L
 
s
'
t
'
E
C
(
L
)

(3.21)

For the special case in w
hich U

st is given by (2.1), each term
 in the above sum

i
s
 
e
i
t
h
e
r
 
°
 
o
r
 
(
-
I
)
N
.
 
B
y
 
(
3
.
1
7
)
 
a
n
d
 
(
3
.
2
1
)
,

00

J¡a,bJ =
 L J(N

)¡a,bj.
N

=
i

(3.22)

T
he sum

 over N
 in (3.22) is a finite sum

, since the sum
 in (3.21) is em

pty for
N

 ? b - a and hence J(N
) ¡a, bJ =

 ° if N
 ? b - a.

N
ow

 w
e define

1
T
~
)
(
X
)
 
=
 
(
_
I
)
N
 
L
 
J
(
N
)
 

¡O
, m

J
w

E
W

", 
(x)

L
 L

 II (-U
st) II (1 +

 U
s'tf). (3.23)

w
E

W
", 

(
x
)
 
L
E
.
c
(
N
)
 
¡
O
,
m
J
 
s
t
E
L
 
s
'
t
f
E
C
(
L
)

T
he factor (-I)N

 on the right hand side of (3.23) has been inserted to arrange
that

1T
~

)(X
):: ° for all N

,m
,x

w
hen U

st is given by U
st of (2.1). B

y (3.13), (3.22) and (3.23),
(3.24)

00

1
T
m
(
X
)
 
=
 
L
 
(
_
I
)
N
 
1
T
~
)
(
X
)
.

N
=

i
(3.25)
"-.

For the special case in w
hich U

st is given by (2.1), w
alks m

aking a nonzero
c
o
n
t
r
i
b
u
t
i
o
n
 
t
o
 
(
3
.
2
3
)
 
a
r
e
 
c
o
n
s
t
r
a
i
n
e
d
 
t
o
 
h
a
v
e
 
t
h
e
 
t
o
p
o
l
o
g
y
 
i
n
d
i
c
a
t
e
d
 
i
n

F
i
g
.
 
3
.
4
.
 
I
n
 
t
h
e
 
f
i
g
u
r
e
,
 
f
o
r
 
I
1
S
f
t
f
E
C
(
L
)
 

(
I
+
U
s
f
t
'
 
)
 
=
I
 
0
,
 
e
a
c
h
 
o
f
 

t
h
e
 
2
N
 
-
1
 
s
u
b
w
a
l
k
s

3
.
4
 
T
r
a
n
s
f
o
r
m
a
t
i
o
n
s

27

I~¡;

oa~b

82, t2

t (l83, b
a
,
 
1

l!4,b
a
,
 
t
i
 
8
3
,
 
t
3

a,ti882,bas
F
i
g
.
 
3
.
4
.
 
S
e
l
f
-
i
n
t
e
r
s
e
c
t
i
o
n
s
 
r
e
q
u
i
r
e
d
 
f
o
r
 
a
 
w
a
l
k
 
w
 
w
i
t
h
 
I
1
s
t
E
L
 
U
s
t
(
w
)
 
i
=
 
0
,
 
w
i
t
h
 
U
s
t

given by (2.1), for the laces w
ith N

 =
 1,2,3,4 bonds depicted in Fig. 3.2. T

he picture
f
o
r
 
N
 
=
 
1
1
 
i
s
 
a
l
s
o
 
s
h
o
w
n
.

m
ust be a self-avoiding w

alk, and in addition there m
ust be m

utual avoidance
betw

een som
e (but not all) of the subw

alks. T
he num

ber of loops (faces ex-
cluding the "outside" face) in a diagram

 is equal to the num
ber of edges in the

corresponding lace. T
he lines w

hich are slashed correspond to subw
alks w

hich
m

ay consist of zero steps, but the others correspond to subw
alks consisting

of at least one step. T
his gives an interpretation of 1T

~) identical to that ob-
tained in S

ect. 3.1, but here there is the advantage that explicit form
ulas keep

track of the m
utual avoidance betw

een subw
alks.

It is som
etim

es convenient to m
odify the definitions of "connected graph"

a
n
d
 
"
l
a
c
e
,
"
 
a
n
d
 
w
e
 
w
i
l
 
d
o
 
s
o
 
i
n
 
S
e
c
t
.
 

8.1. A
 m

ore general theory of laces is
developed and applied in ¡124, 126j, for the analysis of netw

orks of m
utually-

a
v
o
i
d
i
n
g
 
s
e
l
f
-
a
v
o
i
d
i
n
g
 
w
a
l
k
s
.
 
S
e
e
 
a
l
s
o
 
¡
1
2
5
j
 
f
o
r
 
a
n
 
a
p
p
l
i
c
a
t
i
o
n
 
o
f
 
t
h
e
 
m
o
r
e

general theory to lattice trees.

3.4 T
ransform

ations

E
q
u
a
t
i
o
n
 
(
3
.
1
4
)
 
i
n
v
o
l
v
e
s
 
c
o
n
v
o
l
u
t
i
o
n
 
i
n
 
b
o
t
h
 
s
p
a
c
e
 
a
n
d
 
t
i
m
e
.
 
I
t
 
h
a
s
 
b
e
e
n

studied in this form
 in ¡29j, via fied point m

ethods.
It is tem

pting to use transform
ations to elim

inate one or both of these
convolutions. W

e can elim
inate the convolution in space if w

e take the Fourier
transform

 (1.6). For n :: 1, this gives

n

ê
n
(
k
)
 
=
 
I
D
l
b
(
k
)
ê
n
-
1
(
k
)
 
+
 
L
 
1
r
m
(
k
)
ê
n
-
m
(
k
)
.

m
=

l
(3.26)

C
onditions are given in ¡120j w

hich ensure that solutions of (3.26) have
G

aussian asym
ptotics, via an analysis based on induction on n.

W
e m

ay instead prefer to elim
inate the convolution in tim

e, by going to
generating functions. U

sing (2.18) and (3.14), this gives

00

G
A

x) =
 oo,x +

 L cn(x)zn
n=

l
=

 oo,x +
 zID

I(D
 * G

z)(x) +
 (IIz * G

z)(x),
(3.27)
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w
here

00

I
I
z
(
x
)
 
=
 
L
 
1
f
m
(
x
)
z
m
.

m
=

l
(3.28)

E
quation (3.27) has been studied in ¡90,91j.

Finally, w
e m

ay prefer to elim
inate both convolutions by using both the

F
ourier transform

 and generating functions. T
aking the F

ourier transform
 of

(
3
.
2
7
)
 
g
i
v
e
s

êz(k) =
 1 +

 zlstib(k)êz(k) +
 ÎIz(k)êz(k),

(3.29)
w

hich can be solved to give

1
êz(k) =

 1 - zlstib(k) - ÎIz(k)
(3.30)

E
quation (3.30) has been the point of departure for several studies of the

self-avoiding w
alk, and w

e w
il w

ork w
ith (3.30) in C

hap. 5.

E
xercise 3.8. T

he m
em

ory-2 w
alk is the w

alk w
ith U

st =
 U

st if t - s :: 2,
and otherw

ise U
st =

 O
. T

his is a random
 w

alk w
ith no im

m
ediate reversals.

S
uppose that 0 rt st c 71.,d is finite and invariant under the sym

m
etries of the

lattice.
(a) W

hat is the value of ên(O
), the num

ber of n-step m
em

ory-2 w
alks? (C

al-
c
u
l
a
t
i
o
n
 
i
s
 
n
o
t
 
r
e
q
u
i
r
e
d
.
)

(b) P
rove that for the m

em
ory-2 w

alk, for m
 ~

 2,

(
 
)
 
_
 
f
 
-
l
s
t
l
6
'
x
,
o
 
i
f
 
m
 
i
s
 
e
v
e
n

1fm
 X

 - 1. I¡x E
 stj if m

 is odd.

(c) Suppose that Istl :? 2. Show
 that the m

ean-square displacem
ent for the

m
em

ory-tw
o w

alk is given by

(J2 ((~
) n _ 26'(1 - 6'n)J '" ( (J21st ) n

1 - 6' (1 - 6')2 Ist - 2 '
w

here (J2 =
 ¿x IxI2D

(x) is the variance of D
 and 6' =

 (Istl - 1)-1. O
ne

approach2 is to use (3.26) to com
pute 'V

2ên(0). T
his problem

 goes back a
long w

ay ¡18, 63, 72j.

(d) S
how

 that for the m
em

ory-tw
o w

alk,

,
 
1
 
-
 
Z
2

G
 (k) =
z 1 +

 (Istl- l)z2 - zlstib(k)

2 V
erification of the form

ula by induction seem
s an unsatisfactory solution, since it

requires prior know
ledge of the form

ula.

3
.
4
 
T
r
a
n
s
f
o
r
m
a
t
i
o
n
s

29

(E~r

(com
pare E

xercise 2.2 for d =
 1). T

his form
ula w

as used to com
pute the

m
ean-square displacem

ent via contour integration in ¡158, S
ect.5.3j.

T
he m

em
ory-1' w

alk is the w
alk w

ith U
st =

 U
st if t - s :: 7, and otherw

ise
U

st =
 O

. Finite-m
em

ory w
alks played an im

portant role in the original analysis
of the lace expansion in ¡45j, but w

il not concern us further here. F
or a study

of generating functions of the num
ber of m

em
ory-1' w

alks, for 7 :: 8, see ¡171j.
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W
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T
he diffculty in analyzing the lace expansion is to understand the function

7r m
 (x), or one of its transform

s. In this chapter, w
e w

il prove estim
ates for the

Fourier transform
 ÎI z (k) of the generating function II A

 x) =
 L

:=
 i 7r m

 (x) zm
 .

R
elated estim

ates of one sort or another have been used in every analysis of
the lace expansion for the self-avoiding w

alk. T
hroughout this chapter, w

e use
the notation of Sect. 3.2, and w

e take U
st to be given by (2.1), i.e.,

f
 
-
1
 
i
f
 
w
(
s
)
 
=
 
w
(
t
)

U
s
t
 
=
 
U
s
t
 
=
 
1
.
 
0
 
i
f
 
w
(
s
)
 
-
=
 
w
(
t
)
.
 
(
4
.
1
)

W
e also assum

e that our w
alks take steps in a finite set n w

hich is invariant
under the sym

m
etries of Z

d, nam
ely perm

utation of coordinates and replace-
m

ent of any coordinate X
i by -X

i,
W

e w
il obtain estim

ates for LX
E

íZ
d ii£N

) (x), w
hich is an upper bound for

IÎI£N
) (k)l, and for LX

E
íZ

d ¡1- cos(k. x)jii£N
) (x), w

hich is an upper bound for
Î
I
£
N
)
(
O
)
 
-
 
Î
I
£
N
)
 

(k). T
o m

otivate the latter, let Fz(k) =
 1jG

z(k), and note
from

 (3.30) that
,
 
1

G
A

k) =
 FA

O
) +

 ¡FA
k) - Fz(O

)j

1

F
z(O

) +
 zlni¡1- D

(k)J +
 ¡ÎIz(O

) - ÎIz(k)j
(4.2)

O
u
r
 
e
s
t
i
m
a
t
e
 
f
o
r
 
L
X
E
í
Z
d
¡
1
 
-
 
c
o
s
(
k
 
.
 
x
)
J
i
i
£
N
)
(
x
)
 
w
i
l
 
u
l
t
i
m
a
t
e
l
y
 
a
l
l
o
w
 
u
s
 
t
o

c
o
m
p
a
r
e
 
t
h
e
 
t
e
r
m
s
 
¡
Î
I
A
O
)
 
-
 
Î
I
A
k
)
j
 
a
n
d
 
z
l
n
l
¡
1
 
-
 
D
(
k
)
j
 
i
n
 
t
h
e
 
d
e
n
o
m
i
n
a
t
o
r
.

4. i T
he D

iagram
m

atic E
stim

ates

R
ecall from

 (3.23) and (3.25) that 7rm
(x) =

 L
~=

i(-1)N
7r~)(x), w

ith

7
r
~
)
(
x
)
=
 
L
 
L
 
I
I
 

(
-
U
s
t
)
 
I
I
 
(
1
+
U
s
'
t
'
)
'
 
(
4
.
3
)

w
E
W
"
,
(
x
)
 
L
E
.
£
(
N
)
¡
O
,
m
J
 
s
t
E
L
 
s
'
t
'
E
C
(
L
)
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4.2 Proof of the D
iagram

m
atic E

stim
ates

33

For z 2: 0, w
e define th,e non-negative generating function

(l
--

(l~7)
00

iiiN
) 

(
x
)
 
=
 
L
 
7
r
~
)
(
x
)
z
m
.

m
=

2
(4.4 )

F
i
g
.
 
4
.
1
.
 
D
e
p
i
c
t
i
o
n
 
o
f
 
t
h
e
 
e
s
t
i
m
a
t
e
 
¿
x
 
i
i
£
4
)
 

(
x
)
 
:
:
 
1
1
H
z
 
*
 
H
z
 

1100 1
1
H
z
 
*
 
G
z
l
l
~
I
I
H
z
l
l
o
o

by decom
position of the diagram

 for ii£4).

I
n
 
t
h
e
 
a
b
o
v
e
 
s
e
r
i
e
s
,
 
w
e
 
o
m
i
t
 
t
h
e
 
t
e
r
m
 
i
n
v
o
l
v
i
n
g
 
7
r
i
N
)
 

(x) because it is alw
ays

zero, since the only lace on ¡O
, Ij is L

 =
 tO

lL
 and U

O
l =

 0 since a w
alk cannot

be at the sam
e place at consecutive tim

es. B
y (3.28), w

e have
In applying T

heorem
 4.1, w

e w
il use the estim

ate

11H
z * G

zlloo =
 11H

z +
 (H

z * H
z)lloo :: IIH

zlloo +
 IIH

zli~,
(4.11)

00

I
I
z
(
x
)
 
=
 
L
 
(
_
I
)
N
 
i
i
i
N
)
 

(x).
N

=
l

(4.5)
using the triangle and C

auchy-Schw
arz inequalities in the last step. Since

G
z(O

) =
 1, it follow

s from
 (4.6) and (2.30) that

L
et

00

H
z
(
x
)
 
=
 
G
z
(
x
)
 
-
 
O
O
,
x
 
=
 
L
 
c
n
(
x
)
z
n
.

n=
l

I
I
H
z
i
i
~
 
=
 
I
I
G
z
l
l
~
 
-
 
1
 
=
 
B
(
z
)
 
-
 
1
.

( 4.12)

(4.6)
T
o
 
c
o
n
t
r
o
l
 
t
h
e
 
s
u
m
 
o
v
e
r
 
N
 
i
n
 
(
4
.
5
)
 
u
s
i
n
g
 
(
4
.
9
)
,
 
o
u
r
 
m
e
t
h
o
d
 
i
n
 
C
h
a
p
.
 

5 w
il

require, in particular, that B
(zc) -1 be sm

all. T
his is a restrictive form

 of the
bubble condition of Sect. 2.2.

T
h
e
 
f
o
l
l
o
w
i
n
g
 
t
h
e
o
r
e
m
 
g
i
v
e
s
 
b
o
u
n
d
s
 
o
n
 
i
i
i
N
)
 
i
n
 
t
e
r
m
s
 
o
f
 
n
o
r
m
s
 
o
f
 
G
z
 
a
n
d

H
z.

T
heorem

 4.1. F
or all z 2: 0,

4.2 Proof of the D
iagram

m
atic E

stim
ates

L
 
i
i
i
l
)
(
x
)
 
:
:
 
z
l
D
l
l
l
H
z
l
l
o
o

xE
íL

d

(4.7)
In this section, w

e prove T
heorem

 4.1.

and
4.2.1 P

roof of (4.7)-(4.8)

L
 
¡
I
 
-
 
c
o
s
(
k
.
 
x
)
J
i
i
i
l
)
 

(
x
)
 
=
 
o
.

xE
íL

d

(4.8)
T

he estim
ates (4.7)-(4.8) are easy, and w

e prove them
 first. Since the unique

lace on ¡O
, m

J consisting of a single bond is sim
ply the bond O

m
, it follow

s
from

 (3.23) that
F

or z 2: 0 and N
 2: 2,L

 
i
i
i
N
)
(
x
)
 
:
:
 
I
I
H
z
l
l
o
o
l
l
H
z
 
*
 
G
z
l
l
~
-
i
,

xE
íL

d

(4.9)
7r~

)(x) =
 oo,x L II (1 +

 U
s't'),

w
E
W
m
.
(
O
,
O
)
 
s
'
t
'
E
C
(
O
m
)

(4.13)

:
:
 
(
N
 
+
 
I
)
l
N
j
2
J
 
i
i
 

¡
I
 
-
 
c
o
s
(
k
.
 
x
)
J
H
z
(
x
)
l
l
o
o
I
I
H
z
 
*
 
G
z
l
I
~
-
l
'

T
here is no I-step w

alk from
 0 to 0, so this is nonzero only for m

 2: 2. Since
C
(
O
m
)
 
:
:
 
B
¡
O
,
 
m
 
-
 
I
J
 
f
o
r
 
m
 
2
:
 
2
,
 
i
t
 
f
o
l
l
o
w
s
 
f
r
o
m
 
(
4
.
1
)
 
t
h
a
t

0:: 7r~
)(x):: oo,x L K

¡O
,m

 -IJ
w

E
W

m
. (0,0)

=
 
O
O
,
x
 
L
 
C
m
-
l
(
Y
)
.

yE
Q

(4.14)

and

L
 
¡
1
-
 
c
o
s
(
k
.
 
x
)
j
i
i
i
N
)
 

(
x
)
 
(
4
.
1
0
)

xE
íL

d

W
e refer to the bounds of T

heorem
 4.1 as diagram

m
atic estim

ates, as they
are inspired by the diagram

s of Fig. 3.4. M
oreover, the diagram

s them
selves

provide a pictorial representation of the bounds, and have the dual interpre-
tation of depicting both w

alk trajectories that contribute to iiiN
) (x) as w

ell
as upper bounds on these quantities. S

ee F
ig. 4.1. 1

1 Fig.4.i show
s a slight im

provem
ent of (4.9) (as H

z :: G
z) and it is possible to

prove the im
provem

ent, but w
e w

il only prove (4.9), w
hich suffces for our needs.

T
herefore, after m

ultiplying by zm
 and sum

m
ing over m

 2: 2, w
e obtain

0
:
:
 
i
i
i
l
)
 

(x) ::O
o,xz L

 H
A

y),
yE

Q
( 4.15)

w
hich im

m
ediately im

plies (4.7)-(4.8).
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4.2.2 T
he D

iagram
s

In preparation for the proof of (4.9)-(4.10), w
e now

 prove a prelim
inary esti-

m
a
t
e
 
o
n
 
i
i
£
N
)
 

(x).
F
o
r
 
N
;
:
 
2
,
 
w
e
 
d
e
f
i
n
e
 
p
t
!
)
(
x
,
y
)
 
i
n
d
u
c
t
i
v
e
l
y
 

as follow
s. Let

p
~
)
(
x
,
y
)
 
=
 
L
 
c
i
(
x
h
-
i
(
X
)
C
m
-
j
(
Y
)
 
(
m
;
:
 
2
)
,

O
~i~j$m

m

am
(u, v, x, y) =

 c5v,x L
 C

I(U
 - V

)C
m

-l(y - u) (m
;: 1).

i=
i

P
roof. W

e prove the first inequality, as the second then follow
s im

m
ediately

from
 (4.4).

For N
 ;: 2 w

e w
rite a lace L

 E
 ¡:N

-i) ¡O
, jJ as .¡ siti, . . . ,SN

-itN
 -iÌ, w

ith
S
i
 
=
 
0
 
a
n
d
 
t
N
-
i
 
=
 
j
.
 
F
o
r
 
N
;
:
 
2
,
 
w
e
 
d
e
f
i
n
e

(4.16)
JiN

)¡o, m
J (4.24)

m
 j-i

=
 L

 K
¡j, m

j L
 L

 c5x,w
(i) II (-U

sd II (1 +
 U

s't'),
j
=
O
 
L
E
.
c
C
N
-
i
)
 

(O
,jJ i=

tN
_2 stE

L s't'E
C

(L)
w

here w
e set to =

 1 w
hen N

 =
 2. W

e first show
 that, for every w

and every
N

;:2,
( 4.17)

For m
 =

 0,1, w
e set p~) (x, y) =

 0, and w
e set ao(u, v, x, y) =

 O
. For N

 ;: 3,
let

T
he diagram

m
atic representations for pjN

) (x, y) show
n in F

ig. 4.2 are closely
related to the diagram

s appearing in F
ig. 3.4.

Proposition 4.2. For N
 ;: 2, m

 ;: 2, and z ;: 0,

m

pt!)(x, y) =
 L

 L
P~N

-i)(u, v)am
-i(u, v, x, y) (m

;: 2).
u,V

E
Z

d i=
O

For N
 ;: 2, w

e also define the generating functions
00

pjN
) 

(x, y) =
 L

 pt!)(x, y)zm
,

m
=

2
00

A
z
(
u
,
v
,
x
,
y
)
 
=
 
L
 
a
m
(
u
,
v
,
x
,
y
)
z
m

m
=

i
=
 
c
5
v
,
x
H
z
(
u
 
-
 
v
)
G
z
(
Y
 
-
 
u
)
.

It follow
s from

 (4.18) that, for N
 ;: 3,

pjN
) 

(
x
,
 
y
)
 
=
 
L
 
p
j
N
-
i
)
(
u
,
 
v
)
A
z
(
u
,
 
v
,
 
x
,
 
y
)
.

u,vE
Z

d

7rt!)(x) :: pt!)(x, x)

and
ii£N

) 
(
x
)
 
:
:
 
p
j
N
)
 

(x, 
x).

O
Q

~
o rz y

O
&

y
F
i
g
.
 
4
.
2
.
 
p
~
N
)
(
X
,
y
)
 
f
o
r
 
N
 
=
 
2
,
3
,
4
.

o
 
~
 
(
_
1
)
N
 
J
(
N
)
r
O
 
m
J
 
~
 
i
N
)
 
f
O
 
m
J
.

-
 
l
'
 
-
 
w
(
m
)
L
'

(4.25)

(4.18)
T

he first inequality is im
m

ediate, and w
e concentrate on the second. For this,

com
paring w

ith (3.21), L
 in (4.24) corresponds to L

\'¡SN
tN

 1 in (3.21), and
i and j of (4.24) correspond to SN

 and tN
-i of the lace L

 in (3.21). T
he set

of com
patible edges in (3.21) contains C

(siti,..., SN
-itN

-i) U
 ß¡tN

-i, m
J,

and om
itting factors in the product over S't' in (3.21) can only increase the

product. W
hen x =

 w
(m

), the factor c5x,w
(i) is -U

i,m
 =

 -U
sN

tN
' T

his leads
t
o
 
(
4
.
2
5
)
.

For N
 ;: 2, w

e define

(4.19)

( 4.20)

7
r
t
!
)
(
x
,
y
)
 
=
 
L
 
J
i
N
)
¡
O
,
m
J
.

w
E

W
",(O

,y)
(4.26)

(4.21)

It follow
s from

 (3.23) and (4.25) that

7r~~)(x) :: 7rt!)(x, x).
( 4.27)

W
e w

il show
 that

7rt!)(x, y) :: pt!)(x, y)
(N

;: 2),
(4.28)

( 4.22)

w
hich then gives the proposition.

T
he proof of (4.28) is by induction on N

. W
e begin the induction w

ith the
case N

 =
 2. In this case, the sum

 over L in (4.24) consists of the single term
L =

 '¡O
jf. S

ince C
(O

j) :) ß
¡O

,iJ U
 ß

¡i,jj for 0 ~
 i ~

 j, using sym
m

etry w
e

obtain
(4.23)

7
r
~
)
 
(
x
,
 
y
)
:
:
 
L
 
L
 
K
¡
O
,
 
i
j
c
5
x
,
w
(
i
)
K
¡
i
,
 
j
j
c
5
o
,
w
(
j
)
K
U
,
 
m
j

O
~i~j~m

w
E

W
",(O

,y)

L
 
C
i
(
X
)
C
j
-
i
(
X
)
C
m
-
j
(
Y
)

O
~i~j~m

:: p~
)(x, y). (4.29)



36
4 D

iagram
m

atic E
stim

ates for the S
elf-A

voiding W
alk

4.2 Proof of the D
iagram

m
atic E

stim
ates

37

T
o advance the induction, w

e fix N
 ~

 3 and assum
e that (4.28) holds for

N
 - 1. W

e replace the factor -U
SN

_itN
_i in the first product of (4.24) by

T
o
 
a
d
v
a
n
c
e
 
t
h
e
 
i
n
d
u
c
t
i
o
n
,
 
w
e
 
a
s
s
u
m
e
 
t
h
a
t
 
(
4
.
3
6
)
 
h
o
l
d
s
 
f
o
r
 
N
 
-
 
1
.
 
B
y

(4.20)-(4.21),
-
U
S
N
_
i
t
N
_
i
 
=
 
Ó
w
(
s
N
_
i
)
,
w
(
t
N
_
i
)
 
=
 
¿
 
Ó
W
(
S
N
_
i
)
,
U
Ó
U
,
w
(
t
N
_
i
)
'

uE
Z

d
( 4.30)

L
pIN

)(x,x+
y) =

 ¿ pIN
-1)(u,v)A

z(u,v,x,x+
y)

G
i
v
e
n
 
L
 
E
 
.
c
N
-
1
)
¡
O
,
j
J
,
 
l
e
t
 
L
'
 
=
 
L
\
r
S
N
-
1
t
N
-
1
l
.
 
F
o
r
 
t
N
-
2
 
:
:
 
i
 
~
 
j
 
=
 
t
N
-
1
,

w
e then have C

(L) :J C
(L') U

 B
¡tN

-2, ij U
 B

¡i,jJ. U
sing (4.30), w

e conclude
from

 (4.24) that

J£N
) ¡O

, m
J :: ¿

 ¿
 JàN

 -1) ¡O
, iJK

¡i, jJÓ
w

(i),xK
¡j, m

jÓ
u,w

(j)' (4.31)
u
 
a
:
S
i
-
e
j
:
S
m

T
h
e
r
e
f
o
r
e
,
 
r
e
c
a
l
l
n
g
 
(
4
.
1
7
)
 
a
n
d
 
u
s
i
n
g
 
t
h
e
 
i
n
d
u
c
t
i
o
n
 
h
y
p
o
t
h
e
s
i
s
,

7
r
!
l
)
(
x
,
y
)
 
:
:
 
¿
 
¿
 
7
r
~
N
-
1
)
(
u
,
X
)
C
j
_
i
(
U
 
-
 
x
)
c
m
-
j
(
Y
 
-
 
u
)

u
 
a
:
S
i
-
e
j
:
S
m

x
x,u,v

=
 ¿

pIN
-1)(u,v)H

A
u - v)G

A
v - u+

y)
u,v

=
 
~
 
(
r
P
I
N
-
1
)
(
u
,
u
+
W
)
)
 
H
A
-
w
)
G
A
w
+
y
)

=
 ~

 (rP
IN

-1)(u,U
 +

 W
)) H

A
w

)G
z(Y

 - w
), (4.38)

m
:: ¿ ¿p~N

-1)(u, v)am
-i(u, v,x,y)

U
,
v
 
i
=
O

w
here in the last step w

e replaced w
 by -w

and used the fact that the first
factor is unchanged by this replacem

ent (see E
xercise 4.5 below

). W
riting

F
 ( w

) for the first factor, the above is equal to

=
 p!l) (x, y).

(4.32)
(G

z * H
zF

)(y) =
 (Ji~

M
zF

)(y).
( 4.39)

T
his com

pletes the proof.

E
xercise 4.3. C

onvince yourself that (4.31) holds.

.
W

e then apply the induction hypothesis to com
plete the proof.

.
4.2.3 P

roof of (4.9)-(4.10)
E

xercise 4.5. P
rove the identity ¿

u pIN
) (u, u +

 w
) =

 ¿
u pIN

) (u, U
 - w

)
used in (4.38).

W
e prove tw

o lem
m

as, and com
bine them

 w
ith Proposition 4.2 to obtain

(4.9)-( 4.10).
W

e define the operators
T

he com
bination of Proposition 4.2 w

ith L
em

m
a 4.4 gives

(M
zf)(x) =

 H
z(x)f(x),

(Jizf)(x) =
 (H

z * f)(x),
(Ji~

f)(x) =
 (G

z * f)(x).

(4.33 )

(4.34)

(4.35)

¿
i
i
£
N
)
(
X
)
:
:
 
¿
p
I
N
)
(
x
,
x
)
 
=
 
L
(
J
i
~
M
z
)
N
-
1
H
z
J
 
(
0
)
.
 
(
4
.
4
0
)

x
x

L
em

m
a 4.4. For N

 ~ 2 and z ~ 0,
N
o
t
e
 
t
h
a
t
 
f
o
r
 
N
 
=
 
2
 
t
h
e
 
u
p
p
e
r
 
b
o
u
n
d
 
c
a
n
 
b
e
 
r
e
p
l
a
c
e
d
 
b
y
 
¡
(
J
i
z
M
z
)
N
-
1
 
H
z
J
(
O
)
,

w
hich is equal to the above right hand side in this special case. T

he right hand
side of (4.40) can be estim

ated using the follow
ing lem

m
a.

¿
p
I
N
)
(
x
,
x
+
y
)
 
=
 
L
(
J
i
~
M
z
)
N
-
1
H
z
J
 
(
y
)
.

( 4.36)
x

Lem
m

a 4.6. G
iven non-negative even functions fa, fi, . . . , hM

 on Z
d, de-

f
i
n
e
 
J
i
j
 
a
n
d
 
M
j
 
t
o
 
b
e
 
r
e
s
p
e
c
t
i
v
e
l
y
 
t
h
e
 
o
p
e
r
a
t
i
o
n
s
 
o
f
 
c
o
n
v
o
l
u
t
i
o
n
 
w
i
t
h
 
h
j
 
a
n
d

m
ultiplication by hj-1, for j =

 1,..., M
. T

hen for any k E
 rO

,..., 2M
L

,
P
r
o
o
f
.
 
T
h
e
 
p
r
o
o
f
 
i
s
 
b
y
 
i
n
d
u
c
t
i
o
n
 
o
n
 
N
.
 
F
o
r
 
N
 
=
 
2
,
 
w
e
 
c
o
n
c
l
u
d
e
 
f
r
o
m
 
(
4
.
1
6
)

that

¿
p
P
)
(
x
,
x
+
y
)
 
=
 
¿
H
z
(
X
)
2
G
z
(
X
+
y
)

x
x

I
I
J
i
M
M
M
"
 
.
 

Ji1M
ifaiioc :: Ilfklloc II Ilfi * fdoc,

(4.41 )

=
 ¿H

z(x)2G
A

Y
 - x) =

 ¡(Ji~M
z)H

zj(y), (4.37)
x

w
here the product is over disjoint consecutive pairs j, j' taken from

 the set
r
O
,
.
.
.
,
 
2
M
l
 
\
 
r
k
l
 
(
e
.
g
.
,
 
f
o
r
 
k
 
=
 
3
 
a
n
d
 
M
 
=
 
3
,
 
t
h
e
 
p
r
o
d
u
c
t
 
h
a
s
 
f
a
c
t
o
r
s
 
w
i
t
h

j
,
j
'
 
e
q
u
a
l
 
t
o
 
0
,
1
;
 
2
,
4
;
 
5
,
6
)
.

using H
z( -x) =

 H
A

x) in the second step.
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Proof. T
he proof is by induction on M

. T
he desired result for M

 =
 1 is a

consequence of the elem
entary estim

ates
I
t
 
c
a
n
 
a
l
s
o
 
b
e
 
s
e
e
n
 
f
r
o
m
 
t
h
i
s
 
(
s
e
e
 
a
l
s
o
 
F
i
g
.
 

3.4) that the total displacem
ent x

is given by

\
 
I
l
f
a
l
l
o
o
l
l
f
i
 
*
 
1
2
1
1
0
0

L
12(x - Y

)fi(Y
)fa(Y

):: Ilfilloollfa * 121100
y 1I12llooilfa * filloo,

( 4.42)

LN
/2J iN

/21 N
-l

x
 
=
 
L
 
Y
4
i
-
l
 
=
 
L
 
Y
4
i
-
3
 
=
 
-
 
L
 
Y
2
i

i
=
1
 
i
=
1
 
i
=
1

(4.46)

w
here for the last of these inequalities w

e used the fact that L
y fi (y) fa (y) =

(fa * fi)(O
) for even fa. T

o advance the induction, w
e assum

e that (4.41) holds
f
o
r
 
1
,
.
.
.
,
 
M
 
-
 
1
.
 
W
e
 
w
r
i
t
e
 
t
h
e
 
f
u
n
c
t
i
o
n
 
i
n
s
i
d
e
 
t
h
e
 
n
o
r
m
 
O
n
 
t
h
e
 
l
e
f
t
 
h
a
n
d
 
s
i
d
e

of (4.41) as 1-M
M

M
FM

-l, w
ith F¡ =

 1-IM
¡.. .1-1M

da, and estim
ate its

infinity norm
 using the result for M

 =
 1. If w

e associate the infinity norm
 to

F
M

-l, an estim
ate of the form

 (4.41) follow
s from

 the induction hypothesis,
f
o
r
 
a
n
y
 
k
 
:
:
 
M
 
-
 
1
.
 
I
t
 
r
e
m
a
i
n
s
 
t
o
 
s
h
o
w
 
t
h
a
t
 
t
h
e
 
i
n
f
i
n
i
t
y
 
n
o
r
m
 
c
a
n
 
a
l
s
o
 
b
e

associated to 12M
 or 12M

-I'
W

e show
 this for the latter, and the form

er is sim
ilar. A

pplying the M
 =

 1
c~

se to 1-M
M

M
F

M
-1 gives an upper bound II12M

-ll1ooll12M
 * F

M
-llloo' Let

1
-
M
-
l
 
d
e
n
o
t
e
 
c
o
n
v
o
l
u
t
i
o
n
 
b
y
 
1
2
M
 
*
 
1
2
M
-
2
,
 
s
o
 
t
h
a
t

(w
e need only the first equality).
L
e
t
 
t
 
=
 
L
:
=
1
 
t
j
.
 
T
a
k
i
n
g
 
t
h
e
 
r
e
a
l
 
p
a
r
t
 
o
f
 
t
h
e
 
t
e
l
e
s
c
o
p
i
n
g
 
s
u
m

J
1 it "'¡ 't' ",j-1
-
 
e
 
=
 
~
 
1
 
-
 
e
1
 
j
J
e
1
 
L
.
T
n
=
l
 
t
T
n

j=
1

(4.47)

leads to the bound

12M
 * F

M
-1 =

 1-M
-1M

M
-iF

M
-2

( 4.43)

J J j-l
1 - cos t :: L

 ¡1 - cos tj J +
 L

 sin t j sin ( L
 tm

) .
j
=
1
 
j
=
1
 
m
=
1

( 4.48)

(w
ith Fa =

 fa). W
e apply the induction hypothesis to esti~ate the infinity

n
o
r
m
 
o
f
 

the right hand side, associating the infinity norm
 to 1-M

-l. T
his gives

t
h
e
 
d
e
s
i
r
e
d
 
e
s
t
i
m
a
t
e
.
 
.

I
t
 
i
s
 
a
 
c
o
n
s
e
q
u
e
n
c
e
 
o
f
 
t
h
e
 
i
d
e
n
t
i
t
y
 
s
i
n
(
 
x
 
+
 
y
)
 
=
 
s
i
n
 
x
 
c
o
s
 
Y
 
+
 
c
o
s
 
x
 
s
i
n
 
Y
 
t
h
a
t

I sin(x +
 y)1 :: 1 sinxl +

 1 sinyi. A
pplying this recursively gives

E
xercise 4.7. G

ive the details om
itted at the end of the above proof, for the

c
a
s
e
 
i
n
 
w
h
i
c
h
 
t
h
e
 
i
n
f
i
n
i
t
y
 
n
o
r
m
 
i
s
 
a
s
s
o
c
i
a
t
e
d
 
t
o
 
1
2
M
.

J J j-l
1 - cost:: L¡1- costjJ +

 L L 1 sintjll sintm
l.

j
=
1
 
j
=
1
 
m
=
1

(4.49)

P
roof of (4.9)-(4.10). T

he bound (4.9) follow
s from

 (4.40) and Lem
m

a 4.6.
It rem

ains to prove (4.10). Fix N
 ;: 2. O

ur goal is to estim
ate

In the last term
 w

e use labl :: (a2 +
 b2)j2, and then 1- cos2 a:: 2¡1 - cosaL

to obtain
00

L
¡1 - cos(k. x)Jii~N

)(x) =
 L

 zm
 L

¡1- cos(k. x)J7l~)(x).
x
 
m
=
2
 
x

(4.44)
J 1 J j-l

1
-
 
c
o
s
t
:
:
 
L
¡
1
 
-
 
c
o
s
t
j
J
 
+
"
2
 
L
 
L
 
¡
s
i
n
2
 
t
j
 
+
 
s
i
n
2
 
t
m
J

j
=
1
 
j
=
1
 
m
=
1

J
 
J

:: L
¡1- costjJ +

 JL
sin2 tj

j
=
1
 
j
=
1

T
o do so, w

e investigate how
 the argum

ent leading to (4.40) is m
odified by

the factor ¡1 - cos(k. x)J.
B

ecause of the factor T
IijE

L
 (-U

ij) occurring in the definition of 7l~) (x)
(see (4.3)), a nonzero contribution occurs only for those w

 for w
hich w

(i) =
w
(
j
)
 
f
o
r
 
e
a
c
h
 
e
d
g
e
 
i
j
 
E
 
L
.
 
L
e
t
 
I
j
 
d
e
n
o
t
e
 
t
h
e
 
l
h
 
t
i
m
e
 
i
n
t
e
r
v
a
l
 

l
i
s
t
e
d
 
i
n
 
(
3
.
1
6
)

(
j
 
=
 
1
,
.
.
 
.
,
 
2
N
 
-
 
1
)
,
 
a
n
d
 
l
e
t
 
Y
j
 
d
e
n
o
t
e
 
t
h
e
 
d
i
s
p
l
a
c
e
m
e
n
t
 
p
e
r
f
o
r
m
e
d
 
o
n
 
I
j
 
b
y

a
 
w
a
l
k
 
w
 
c
o
n
t
r
i
b
u
t
i
n
g
 
t
o
 
7
l
~
)
(
x
)
.
 
T
h
e
s
e
 
d
i
s
p
l
a
c
e
m
e
n
t
s
 
Y
j
 
c
o
r
r
e
s
p
o
n
d
 
t
o
 
t
h
e

subw
alk displacem

ents in Figs. 3.4 and 4.2. T
he constraints that w

(i) =
 w

(j)
f
o
r
 
a
l
l
 
i
j
 
E
 
L
,
 
t
o
g
e
t
h
e
r
 
w
i
t
h
 
t
h
e
 
s
u
b
i
n
t
e
r
v
a
l
 
s
t
r
u
c
t
u
r
e
 
(
3
.
1
6
)
,
 
i
m
p
o
s
e
 
t
h
e

constraints

J
 
J

=
 L

¡1- costjJ +
 JL

¡1- cos2tjJ
j
=
1
 
j
=
1

J

:: (2J +
 1) 2:)1- costjJ.

j=
1

( 4.50)

2p+
2

Y
l
+
Y
2
=
0
,
 
L
Y
j
=
O
 
(
p
=
1
,
.
.
.
,
N
-
2
)
,
 
Y
2
N
-
2
+
Y
2
N
-
l
=
0
.
 
(
4
.
4
5
)

j=
2p

W
e use the decom

position of x given by the first equality of (4.46), and
apply (4.50) w

ith t =
 k. x =

 L
J~i2J k . Y

4j-l, to obtain



4
0
 
4
 
D
i
a
g
r
a
m
m
a
t
i
c
 
E
s
t
i
m
a
t
e
s
 
f
o
r
 
t
h
e
 
S
e
l
f
-
A
v
o
i
d
i
n
g
 
W
a
l
k

L
N

/2J

1
 
-
 
c
o
s
(
k
.
 
x
)
 
:
:
 
(
N
 
+
 
1
)
 
L
 
¡
i
 
-
 
c
o
s
(
k
.
 
Y
4
j
-
i
)
J
.

j=
i

(4.51 )
5

T
he m

odification of the upper bound (4.40) due to the factor ¡i - cos(k .
Y

4j-i)J is sim
ply to replace one of the factors H

z or G
z occurring in the

right hand side by ¡i - cos(k . Y
4j-i)JH

z(Y
4j_i). T

hen w
e apply Lem

m
a 4.6,

associating the infnity norm
 to this particular factor, to obtain the desired

e
s
t
i
m
a
t
e
 
(
4
.
1
0
)
.
 
.

C
onvergence for the Self-A

voiding W
alk

In this chapter, w
e prove convergence of the lace expansion for the nearest-

neighbour m
odel in suffciently high dim

ensions, and for suffciently spread-out
m

odels in dim
ensions d ? 4. A

s part of the proof, w
e w

il show
 that the critical

bubble diagram
 B

(zc) is finite in these cases, and hence, by T
heorem

 2.3, that
the critical exponent 'Y

 exists and equals 1. T
his is restated in the follow

ing
theorem

.

T
heorem

 5.1. T
he bubble condition B

(zc) 0: 00 for the self-avoiding w
alk

h
o
l
d
s
 
f
o
r
 
t
h
e
 
n
e
a
r
e
s
t
-
n
e
i
g
h
b
o
u
r
 
m
o
d
e
l
 
i
n
 
d
i
m
e
n
s
i
o
n
s
 
d
 
:
:
 
d
o
,
 
a
n
d
 
f
o
r
 
t
h
e

s
p
r
e
a
d
-
o
u
t
 
m
o
d
e
l
 
w
i
t
h
 
L
 
:
:
 
L
o
(
d
)
 
i
n
 
d
i
m
e
n
s
i
o
n
s
 
d
 
?
 
4
,
 
f
o
r
 
s
o
m
e
 
c
o
n
s
t
a
n
t
s

do and L
o (d). T

hus the critical exponent 'Y
 exists and equals 1, in the sense

t
h
a
t
 
x
(
z
)
 
~
 
(
1
 
-
 
z
j
z
c
)
-
i
 
a
s
 
z
 
-
-
 
z
;
.

R
em

ark 5.2. T
he conclusion of T

heorem
 5.1 can easily be im

proved to an
a
s
y
m
p
t
o
t
i
c
 
f
o
r
m
u
l
a
 
x
(
z
)
 
r
v
 
A
(
l
 
-
 
z
j
z
c
)
-
i
 
a
s
 
z
 
-
-
 
z
;
.
 
S
e
e
 
E
x
e
r
c
i
s
e
 
5
.
1
9

below
.

R
ecall that H

z(x) =
 G

z(x) - Jo,x =
 L~

=
i cn(x)zn, so that IlH

zll~
 =

IIG
zll~

 - 1 =
 B

(z) - 1. W
e w

il prove not just that the critical bubble dia-
gram

 B
(zc) is finite, but that in fact IIH

zc II~
 =

 B
(zc) - 1 is sm

all, under the
hypotheses of T

heorem
 5.1. A

s a prelim
inary, w

e first analyze som
e related

issues for sim
ple random

 w
alk.

5.1 R
andom

-W
alk E

stim
ates

B
y the P

arseval relation, IIH
zJ~

 =
 IIH

zJ~
 =

 iiêzc - 1Ii~
. B

y (1.18), the
random

 w
alk analogue of the latter is the integral

1 12 ,
1
 
d
d
k
 
D
(
k
)
2
 
d
d
k

J
-
t
r
,
t
r
J
d
 
¡
i
 
-
 
Î
J
(
k
)
J
 
-
 
1
 
(
2
1
f
)
d
 
=
 
J
-
t
r
,
t
r
J
d
 
r
1
 
-
 
Î
J
(
k
)
P
 
(
2
1
f
)
d
'

(5.1)



42
5 C

onvergence for the S
elf-A

voiding W
alk

5.1 R
andom

-W
alk E

stim
ates

43

T
he follow

ing proposition show
s that this integral is sm

all under the hypothe-
ses of T

heorem
 5.1. (W

e have already encountered a closely related integral
in E

xercise 1. 7. )

Proposition 5.3. L
et d :; 4. T

hen

T
he follow

ing lem
m

a notes som
e useful im

plications of (5.2). T
he left hand

sides of (5.8)-(5.9) are respectively the random
 w

alk analogues of IIG
zc II~

 and
of ii¡i - cos(k. x)jG

zc(x)lloo =
 II¡I - cos(k. x)jH

zc(x)lloo (d. (4.10)).

L
em

m
a 5.5. If (5.2) holds, then for Z

 E
 ¡o,i/lnlJ,

r
 
Î
J
(
k
)
2
 
d
d
k

J
¡
-
n
,
n
J
d
 
¡
i
 
-
 
Î
J
(
k
)
J
 
(
2
n
)
d
 
:
:
 
ß
,

(5.2)
sup D

(x) :: ß,
xE

Z
d

(5.7)

(5.8)

(5.9)
w

ith ß =
 K

(d-4)-i (K
 a universal constant) for the nearest-neighbour m

odel,
and w

ith ß =
 K

 L
 -d (K

 dependent on d) for the spread-out m
odel.

IIC
zll~

 :: 1 +
 3ß

,

i
i
¡
i
 
-
 
c
o
s
(
k
.
 
x
)
j
C
z
(
x
)
 

1
1
0
0
 
:
:
 
5
(
1
 
+
 
3
ß
H
I
 
-
 
Î
J
(
k
)
J
.

1
 
-
 
Î
J
(
k
)
 
2
:
 
c
i
L
2
1
k
i
2

I-ÎJ(k):;r¡

W
e first prove (5.7)-(5.8).

Proof of (5.7)-(5.8). T
he left hand side of (5.7) is sim

ply ini-i. Since the
left hand side of (5.2) is at least (2n)-d J¡-n,n)d D

(k)2ddk =
 ini-i, the bound

(
5
.
7
)
 
f
o
l
l
o
w
s
.

For (5.8) (and also (5.9)), it suffces to consider Z
 =

 i/ini. W
e use the

Parseval relation to rew
rite the left hand side as iiêijinill~. B

y (1.18), this
equals

Proof. T
his is a calculus problem

. For the nearest-neighbour m
odel, a proof

can be found in ¡I58, Lem
m

a A
.3J. F

or the spread-out m
odel, there is a proof

in ¡I58, Lem
m

a A
.5J but w

ith a ß
 w

hich is larger by a factor (log L )dj2. W
e

show
 here how

 the im
provem

ent can be achieved for the spread-out m
odeL.

It is show
n in ¡I20J that there are positive constants r¡, C

i (independent of
L

) such that for all k E
 ¡-n, nJd,

(
1
l
k
l
l
o
o
 
:
:
 
L
-
i
)
,

(
1
l
k
l
l
o
o
 
2
:
 
L
-
i
)
.

(5.3)

(5.4)
r
 
1
 
d
d
k

J¡-n,nJd ¡i - D
(k)J2 (2n)d

_
 
r
 
(
1
 
2
 
Î
J
(
k
)
 
Î
J
(
k
)
2
)
 
d
d
k

- J¡-n,n)d +
 ¡i - ÎJ(k)J +

 ¡i - ÎJ(k)J2 (2n)d

(A
 2 ) d

0
:
 
1
 
3
 
D
(
k
)
 
~

-
l
-
n
,
n
J
d
 
+
 
¡
i
 
-
 
Î
J
(
k
)
J
2
 
(
2
n
)
d
'

(5.10)

T
h
e
 
i
n
t
e
g
r
a
l
 
(
2
n
)
-
d
 
J
¡
-
n
,
n
J
d
 
Î
J
(
k
)
2
d
d
k
 
i
s
 
e
q
u
a
l
 
t
o
 
(
D
 
*
 
D
)
(
O
)
,
 
w
h
i
c
h
 
i
s
 
t
h
e

p
r
o
b
a
b
i
l
t
y
 
o
f
 
r
e
t
u
r
n
 
t
o
 
t
h
e
 
o
r
i
g
i
n
 
a
f
t
e
r
 
t
w
o
 
s
t
e
p
s
,
 
n
a
m
e
l
y
 
i
n
i
-
i
.
 
F
o
r
 
j
 
2
:
 
4

even, it follow
s from

 (5.3)-(5.4) that

r
 
D
(
k
)
J
 
d
d
k
 
0
:
 
r
 
e
-
c
¡
j
L
2
I
k
I
2
 
d
d
k

J¡-n,nJd (2n)d - JIT
d (2n)d

+
 
r
 
Î
J
(
k
)
2
(
1
-
 
r
¡
)
J
-
2
 
d
d
k
d

J¡-n,nJd (2n)
:
:
 
c
o
n
s
t
L
 
-
d
r
d
j
2
 
+
 
i
n
i
-
i
(
i
 
-
 
r
¡
)
J
-
2

:
:
 
c
o
n
s
t
L
 
-
d
r
d
j
2
.
 
(
5
.
5
)

by E
xercise 5.6. T

he right hand side is at m
ost 1 +

 3ß, assum
ing (5.2).

.
E

xercise 5.6. P
rove the inequality (5.10) by com

paring the integrals of D
¡I-

Î
J
J
-
i
 
a
n
d
 
Î
J
2
¡
i
 
-
 
Î
J
J
-
2
.

F
o
r
 
j
 
2
:
 
3
 
o
d
d
,

B
efore proving (5.9), w

e develop som
e useful prelim

inaries. W
e first note

that

(
2
n
)
-
d
 
r
 
I
Î
J
(
k
)
l
d
d
k
:
:
 
(
2
n
)
-
d
 
r
 
Î
J
(
k
)
J
-
i
d
d
k

J¡-n,nJd J(-n,nJd
:: constL

-dj-dj2,

¿
cos(k. x)C

z(x)eil'x =
 ~

¡êz(l +
 k) +

 êz(i- k)J.
x

(5.11)

(5.6)
T

herefore, applying the general fact that Ilflloo :: IIJlli, w
e obtain

applying the estim
ate for j even in the last step. N

ow
 w

e expand ¡i - ÎJ(k)j-2
i
n
 
(
5
.
2
)
 
a
s
 
'
L
'
;
i
 
j
Î
J
(
k
)
J
-
i
,
 
a
n
d
 
u
s
e
 
t
h
e
 
a
b
o
v
e
 
e
s
t
i
m
a
t
e
s
 
t
o
 
s
e
e
 
t
h
a
t
 
t
h
e
 
l
e
f
t

hand side of (5.2) is bounded above by a m
ultiple of L

-d, assum
ing d:; 4. .

E
xercise 5.4. Prove (5.2) for the nearest-neighbour m

odel, w
ith ß =

K
(d-4)-i.

A
 
1
 
A
 
A

i
i
¡
i
 
-
 
c
o
s
(
k
.
 
x
)
J
C
z
(
x
)
1
1
0
0
 
:
:
 
I
I
C
z
(
l
 
-
 
2
¡
C
z
(
l
 
+
 
k
)
 
+
 
C
z
(
l
-
 
k
)
J
l
l
i
,
 
(
5
.
1
2
)

w
here the ii norm

 involves integration w
ith respect to l, w

ith k fixed. T
he

expression êz(i) - ~(êz(i +
 k) +

êz(l- k)) is closely related to a sort of second
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1
 
A
 
A
 
1
 
A
 
A

--L1kA
(l) =

 A
(l) - -(A

(l +
 k) +

 A
(l- k)).

2
 
2

(5.13)

-
!
L
1
k
Â
(
l
)
 
=
 
!
¡
Â
(
l
-
 
k
)
 
+
 
Â
(
l
 
+
 
k
)
J
Â
(
l
)
¡
â
(
l
)
 
-
 
â
C
O
S
(
l
,
 
k
)
J

2
 
2

-Â
(l- k)Â

(l)Â
(l +

 k)âsin(l, k)2. (5.21)
derivative of êz(l), and in general w

e m
ake the abbreviation

I
n
 
t
h
i
s
 
n
o
t
a
t
i
o
n
,
 
(
5
.
1
2
)
 
r
e
a
d
s

L
e
t
 
â
:
i
 
=
 
â
(
l
:
:
 
k
)
 
a
n
d
 
w
r
i
t
e
 
â
 
=
 
â
(
l
)
.
 
D
i
r
e
c
t
 
c
o
m
p
u
t
a
t
i
o
n
 
u
s
i
n
g
 
(
5
.
1
3
)
 
g
i
v
e
s

1
 
A

1
1
¡
1
 
-
 
c
o
s
(
k
.
 
X
)
C
z
(
X
)
l
l
o
o
 
~
 
"
2
1
1
L
1
k
C
z
(
l
)
l
l
i
,

(5.14)

1
 
A

-
 
-
 
L
1
k
A
(
l
)
 
(
5
.
2
2
)

21
A
 
A
 
A
 
(
 
J

=
 "2A

(l)A
(l +

 k)A
(l- k) ¡2â - â+

 - â_J +
 ¡2â+

â_ - ââ_ - ââ+
J

=
 
Â
(
l
)
Â
(
l
 
+
 
k
)
Â
(
l
-
 
k
)
 
(
¡
â
(
l
)
 
-
 
â
C
O
S
(
l
,
 
k
)
J
 
+
 
¡
â
+
â
_
 
-
 
â
(
l
)
â
C
O
S
(
l
,
 
k
)
J
J
,

w
here the integration on the right hand side is w

ith respect to l.

L
em

m
a 5.7. Suppose that a(-x) =

 a(x) for all x E
 7/d, and let

Â
(k) =

 1
(5.15)

using (5.19) in the last step. B
y definition, and using the identity cos(u+

v) =
c
o
s
 
u
 
c
o
s
 
v
 
-
 
s
i
n
 
u
 
s
i
n
 
v
,

T
hen 

f
o
r
 
a
l
l
 
k
,
l
 
E
 
¡
-
1
f
,
1
f
J
d
,

â+
â_ =

 L
 a(x)a(y) cos((l +

 k) . x) cos((l - k) . y)
x,y

~
1
L
1
k
Â
(
l
)
1
 
~
 
~
¡
Â
(
l
-
 
k
)
 
+
 
Â
(
l
 
+
 
k
)
j
Â
(
l
)
¡
â
a
v
(
O
)
 
-
 
â
a
v
(
k
)
j
 
(
5
.
1
6
)

+
 
4
Â
(
l
 
-
 
k
)
Â
(
l
)
Â
(
l
 
+
 
k
)
¡
â
a
v
(
O
)
 
-
 
â
a
v
 

(k)H
âav 

(
0
)
 
-
 
â
a
v
(
l
)
J
,

=
 âC

os(l, k)2 _ âsin(i, k)2.
(5.23)

S
u
b
s
t
i
t
u
t
i
o
n
 
o
f
 
(
5
.
2
3
)
 
i
n
 
(
5
.
2
2
)
 
g
i
v
e
s

w
here aav(x) =

 la(x)l.
-
!
L
1
k
Â
(
l
)
 
=
 
Â
(
l
-
 
k
)
Â
(
l
)
Â
(
l
 
+
 
k
)
 
(
¡
â
(
l
)
 
-
 
â
C
O
S
(
l
,
 
k
)
H
1
 
-
 
â
C
O
S
(
l
,
 
k
)
J
 
-
 
â
s
i
n
(
l
,
 
k
)
2
)
.

2

(5.24)
F
i
n
a
l
l
y
,
 
w
e
 
u
s
e
 
(
5
.
1
9
)
 
t
o
 
r
e
w
r
i
t
e
 
1
 
-
 
â
C
O
S
(
l
,
 
k
)
 
a
n
d
 
o
b
t
a
i
n
 
(
5
.
2
1
)
.

N
ow

 w
e use (5.21) to prove (5.16). First, w

e note that

P
roof of (5.9). W

e use Lem
m

a 5.7 to estim
ate the right hand side of (5.14),

w
ith â(k) =

 b(k) and Â
(k) =

 êi/ini(k). W
riting the latter sim

ply as ê(k),
t
h
i
s
 
g
i
v
e
s

~
1
L
1
k
ê
(
l
)
1
 
~
 
¡
l
-
b
(
k
)
J
 
(
~
¡
ê
(
l
-
k
)
+
ê
(
l
+
k
)
J
ê
(
l
)
+
4
ê
(
l
-
k
)
ê
(
l
+
k
)
)
.

(5.17)

l
â
(
l
)
 
-
 
â
C
O
S
(
l
,
 
k
)
1
 
~
 
L
¡
l
 
-
 
c
o
s
(
k
.
 
x
)
J
 
I
 
c
o
s
(
l
.
 
x
)
l
l
a
(
x
)
1

x

T
herefore, by the C

auchy-S
chw

arz inequality,
~
 
â
a
v
(
O
)
 
_
 
â
a
v
(
k
)
.

(5.25)

~
1
I
L
1
k
ê
l
l
i
 
~
 
¡
1
 
-
 
b
(
k
)
J
5
1
I
ê
l
l
~
,

(5.18)
A

lso, by (5.20) and the C
auchy-S

chw
arz inequality,

a
n
d
 
(
5
.
9
)
 
f
o
l
l
o
w
s
 
f
r
o
m
 
(
5
.
8
)
.
 
.

Proof of L
em

m
a 5.7. Since a is even, â(l) =

 ¿x a(x) cos(l. x). For such an a,
w

e define

â'in(k,l)' ,; (r la(x) I ,in'(k . X
)) (r la(x) I ,.n'(1 . X

)) . (5.26)

W
ith the elem

entary estim
ate sin2 t =

 1 - cos2 t ~ 2¡1 - cos tJ, this gives

â
C
O
S
(
l
,
 
k
)
 
=
 
L
 
a
(
x
)
 
c
o
s
(
l
.
 
x
)
 
c
o
s
(
k
.
 
x
)
 
=
 
~
¡
â
(
l
 
-
 
k
)
 
+
 
â
(
l
 
+
 
k
)
J
,
 
(
5
.
1
9
)

x

âsin(l, k) =
 L

 a(x) sin(l. x) sin(k . x) =
 ~ ¡â(l - k) - â(l +

 k)J. (5.20)
x

âsin(k, i)2 ~ L
 la(x)l¡l - cos2(k. x)J L

 la(y)l¡l - cos2(l. y)J
x
 
y

~
 
4
¡
â
a
v
(
0
)
 
-
 
â
a
v
(
k
)
H
â
a
v
(
O
)
 
-
 
â
a
v
(
l
)
j
.
 
(
5
.
2
7
)

W
e first show

 that, for all k,l E
 ¡-1f,1fjd,

T
h
e
 
d
e
s
i
r
e
d
 
e
s
t
i
m
a
t
e
 
(
5
.
1
6
)
 
t
h
e
n
 
f
o
l
l
o
w
s
 
f
r
o
m
 
(
5
.
2
1
)
,
 
(
5
.
2
5
)
 
a
n
d
 
(
5
.
2
7
)
.
 
.
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5.2 C
onvergence of the E

xpansion

In this section w
e prove convergence of the lace expansion, assum

ing (5.2),
and also prove T

heorem
 5.1. C

onvergence w
il be proved in the process of

proving the follow
ing theorem

, w
hich show

s that if the critical sim
ple random

w
alk bubble diagram

 is suffciently sm
all, then the critical self-avoiding w

alk
bubble diagram

 is also sm
all. (In both diagram

s, the trivial term
 1 is om

itted
t
o
 
o
b
t
a
i
n
 
a
 
s
m
a
l
l
 
q
u
a
n
t
i
t
y
.
)

T
heorem

 5.8. T
here is a ß

o ? 0 and a constant c such that if (5.2) holds
w

ith ß :: ßo, then B
(ze) - 1 is less than cß.

Proof of T
heorem

 5.1. T
his is an im

m
ediate consequence of Proposition 5.3,

T
h
e
o
r
e
m
 
5
.
8
,
 
a
n
d
 
T
h
e
o
r
e
m
 
2
.
3
.
 
.

W
e
 
w
i
l
 
p
r
o
v
e
 
T
h
e
o
r
e
m
 
5
.
8
 
i
n
 
t
h
e
 
r
e
m
a
i
n
d
e
r
 
o
f
 
C
h
a
p
.
 

5. T
he proof is

inspired by the m
ethod of l32J. It is possible to go beyond T

heorem
 5.8 in

s
e
v
e
r
a
l
 
r
e
s
p
e
c
t
s
,
 
a
n
d
 
t
h
i
s
 
w
i
l
 
b
e
 
d
i
s
c
u
s
s
e
d
 
i
n
 
C
h
a
p
.
 

6. In particular, critical
exponents of the nearest-neighbour strictly self-avoiding w

alk in dim
ensions

d
 
:
:
 
5
 
a
r
e
 
c
o
m
p
u
t
e
d
 
i
n
 
1
9
7
,
 
9
8
J
.

It is not obvious, at first, how
 to approach the issue of convergence of the

lace expansion. T
he conclusion of T

heorem
 5.8 is that IIH

zc 112 is sm
all. O

n
the other hand, recall from

 (4.11) that

1
1
H
z
 
*
 
G
z
l
l
o
o
 
:
:
 
I
I
H
z
l
l
o
o
 
+
 
I
I
H
z
l
l
~
'

(5.28)

T
o use this to perform

 the sum
 over N

 in T
heorem

 4.1 to estim
ate IIz, w

e
already need to know

 that IIH
zll§ is sm

all uniform
ly in z .0 Z

e' T
he follow

-
ing elem

entary lem
m

a w
il be used to allow

 us to pick ourselves up by our
bootstraps.

Lem
m

a 5.9. Let a .0 b, let f be a continuous function on the intervallzi, Z
2),

and assum
e that f(zi) :: a. S

uppose for each z E
 (zi, Z

2) that if f(z) :: b then
in 

f
a
c
t
 
f
(
z
)
:
:
 
a
.
 
T
h
e
n
 
f
(
z
)
:
:
 
a
 
f
o
r
 
a
l
l
 
z
 
E
 
l
Z
i
,
Z
2
)
'

Proof. B
y hypothesis, f(z) cannot lie strictly betw

een a and b for any z E
(
z
i
,
 
Z
2
)
.
 
S
i
n
c
e
 
f
(
z
i
)
 
:
:
 
a
,
 
i
t
 
f
o
l
l
o
w
s
 
b
y
 
c
o
n
t
i
n
u
i
t
y
 
t
h
a
t
 
f
(
z
)
 
:
:
 
a
 
f
o
r
 
a
l
l
 
z
 
E

~
,
~
)
.
 
.

For z E
 lO

, ze), w
e define p(z) E

 lO
, 1/1nl) by

,
 
1
,

G
A
O
)
 
=
 
x
(
z
)
 
=
 
1
 
_
u
i
n
l
 
=
 
C
p
(
z
)
 

(0),
(5.29)

w
hich is equivalent to

1
p
(
z
)
i
n
i
 
=
 
1
 
-
 
X
(
z
)
'

(5.30)
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O
ur choice of j is m

otivated, in part, by the ~ntuition that a-z(k) and êp(z)(k)
are com

parable in size. W
e also expect ~L

lkG
z(l) and ~L

lkC
p(z)(l) to be com

-
parable. H

ow
ever, rather than com

paring the latter directly, w
e w

il com
pare

lL
lkG

z(l) w
ith

U
p(z)(k,.l) =

 16êp(z)(k)-i (êp(z)(l- k)êp(z)(l) +
 êp(z)(l +

 k)êp(z)(l)

+
êp(z) (l - k )êp(z) (l +

 k)) , (5.31)

w
hich can be seen using (5.16) to be an upper bound for lIL

lkêp(z)(l)I.
W

e w
il apply L

em
m

a 5.9 w
ith Z

i =
 0, Z

2 =
 Z

e, b =
 4, a =

 1 +
 constß (the

constant being determ
ined in the course of the proof), and

f(z) =
 m

axU
i(z), jz(z), 13(z)),

(5.32)

w
here

IG
z(k)1

fi(z) =
 zini, jz(z) =

 sup , ,
kE

(-n,nJd C
p(z)(k)

i '
13(z) =

 sup 2ILlkG
A

i)I.
k,IE

(-n,nJd U
p(z) (k, l)

N
o
t
e
 
t
h
a
t
 
t
h
e
 
f
a
c
t
o
r
 
ê
p
(
z
)
 

(
k
)
-
i
 
i
n
 
t
h
e
 
d
e
n
o
m
i
n
a
t
o
r
 
o
f
 
1
3
 
b
e
c
o
m
e
s
 
a
r
b
i
t
r
a
r
i
l
y

s
m
a
l
l
 
w
h
e
n
 
k
 
=
 
0
 
a
n
d
 
z
 
-
-
 
z
~
.
 
W
e
 
w
i
l
 
v
e
r
i
f
y
 
i
n
 
L
e
m
m
a
s
 
5
.
1
2
,
 
5
.
1
4
 
a
n
d
 
5
.
1
6

that the hypotheses of L
em

m
a 5.9 hold w

hen ß is suffciently sm
all. From

 this,
w
e
 
c
a
n
 
c
o
n
c
l
u
d
e
 
t
h
a
t
 
f
(
z
)
 
:
:
 
a
 
=
 
1
 
+
 
c
o
n
s
t
ß
 
u
n
i
f
o
r
m
l
y
 
i
n
 
z
 
E
 
¡
O
,
 
z
e
)
.

Proof of T
heorem

 5.8. W
e w

il show
 below

 in L
em

m
a 5.10 that it follow

s from
f
(
z
)
 
:
:
 
a
 
(
w
h
i
c
h
 
w
e
 
w
i
l
 
c
o
n
c
l
u
d
e
 
a
s
 
n
o
t
e
d
 
a
b
o
v
e
)
 
t
h
a
t
 
I
I
H
z
l
l
§
 
:
:
 
c
a
ß
,
 
w
h
e
r
e
 
C
a

is the constant of L
em

m
a 5.10 w

hen f(z) :: K
 =

 a. T
his proves IIH

zll§ :: caß
uniform

ly in z .0 Z
e' B

y the m
onotone convergence theorem

, this im
plies that

(5.33)

(5.34)

IIH
zc II~

 =
 lim

_ 11H
z II~

 :: caß
,

z~zc
(5.35)

w
hich proves T

heorem
 5.8 since B

(ze) - 1 =
 IIH

zJ§ by (4.12).
N
o
t
e
 
t
h
a
t
 
t
h
e
 
i
n
e
q
u
a
l
i
t
y
 
j
z
(
z
)
 
:
:
 
a
 
i
m
p
l
i
e
s
 
t
h
e
 
i
n
f
r
a
r
e
d
 
b
o
u
n
d

.
G

z(k) :: aêp(z)(k)
(5.36)

(w
e w

il actually prove in (5.53)-(5.60) that G
A

k)lêp(z)(k) =
 1+

0(ß), w
hich

im
plies, in particular, that G

z(k) :: 0, perm
itting rem

oval ofthe absolute value
on the left hand side of (5.36)).

B
efore going into the details, the basic strategy is as follow

s. First, it is
s
t
r
a
i
g
h
t
f
o
r
w
a
r
d
 
t
o
 
v
e
r
i
f
y
 
t
h
e
 
t
w
o
 
h
y
p
o
t
h
e
s
e
s
 
o
n
 
j
 
i
n
 
L
e
m
m
a
 

5.9 that f is
continuous and that j(O

) :: a, and the m
ain w

ork goes into verifying that
f(z) :: b im

plies that f(z) :: a. For this, w
e use the assum

ption j(z) :: b to
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c
o
m
p
a
r
e
 
n
o
r
m
s
 
o
f
 
H
z
 
w
i
t
h
 
n
o
r
m
s
 
o
f
 
C
p
(
z
)
 

, and use (5.2) and Lem
m

a 5.5 to
see that the latter are sm

all. W
e then apply T

heorem
 4.1 to conclude that

ÎIzC
k) is as sm

all as w
e like, assum

ing that 13 is suffciently sm
alL

. Im
portantly,

this can be done even for a poor (large) value of b, because the effect of taking

1
3
 
s
m
a
l
l
 
c
o
m
p
e
n
s
a
t
e
s
 
f
o
r
 
t
h
e
 
l
a
c
k
 
o
f
 
s
h
a
r
p
n
e
s
s
 
i
n
 
t
h
e
 
b
o
u
n
d
 
f
e
z
)
 
:
:
 
b
.
 
T
h
i
s

im
plies that G

z(k) is close to a sim
ple random

 w
alk quantity, and from

 this w
e

w
il be able to conclude the sharper bound fez) :: a. T

he details are carried
o
u
t
 
b
e
l
o
w
.

L
em

m
a 5.10. Fix z E

 (0, zc), assum
e that f of (5.32) obeys fez) :: K

, and
assum

e (5.2). T
hen there is a constant C

K
, independent of z, such that

A
 i

II ¡
i
 
-
 
c
o
s
(
k
.
 
x
)
J
H
z
l
l
o
o
 
:
:
 
c
K
(
l
 
+
 
(
3
)
C
p
(
z
)
 

(
k
)
-
 
,
 
(
5
.
3
7
)

I
I
H
z
l
l
~
 
:
:
 
c
K
¡
3
,

I
I
H
z
l
l
o
o
 
:
:
 
c
K
¡
3
.

(5.38)

Proof. A
s in (5.14),

1
1
¡
1
 
-
 
c
o
s
(
k
.
 
x
)
J
H
z
l
l
o
o
 
=
 
1
1
¡
1
 
-
 
c
o
s
(
k
.
 
x
)
J
G
z
l
l
o
o

1
 
A

:
:
 
"
2
1
1
L
1
k
G
z
l
l
i
.
 
(
5
.
3
9
)

I
t
 
t
h
e
n
 
f
o
l
l
o
w
s
 
f
r
o
m
 
h
(
z
)
 
:
:
 
K
,
 
t
h
e
 
C
a
u
c
h
y
-
S
c
h
w
a
r
z
 
i
n
e
q
u
a
l
i
t
y
,
 
a
n
d
 
(
5
.
8
)

that
A

 i A
 2

1
1
¡
1
 
-
 
c
o
s
(
k
.
 
x
)
J
H
z
I
l
o
o
 
:
:
 
1
6
K
C
p
(
z
)
(
k
)
-
 
3
1
I
C
p
(
Z
)
1
1
2

A
 i

:
:
 
4
8
(
1
 
+
 
3
(
3
)
K
C
p
(
z
)
 

(
k
)
-
 
,
 
(
5
.
4
0
)

w
hich gives (5.37).
N
e
x
t
,
 
w
e
 
e
s
t
i
m
a
t
e
 
I
I
H
z
l
I
~
'
 
W
e
 
f
i
r
s
t
 
u
s
e
 
s
u
b
a
d
d
i
t
i
v
i
t
y
 
a
n
d
 
f
¡
(
z
)
 
:
:
 
K
 
t
o

obtain

H
zC

x) :: zln¡(D
 * G

z)(x) :: K
(D

 * G
z)(x).

(5.41 )

U
sing h(z) :: K

, the Parseval relation, and (5.2), this im
plies that

2
 
2
 
2
 
2
 
A
A
 
2

IIH
zl1i :: K

 liD
 * G

Z
II2 =

 K
 IID

G
zII2

4
A
A
 
2
 
4
 
2

:
:
 
K
 
I
I
D
C
p
(
z
)
 
l
i
i
 
=
 
K
 
l
i
D
 
*
 
C
p
(
z
)
 
1
1
2

4
 
2
 
4
 
A
 
A
 
i
2
 
4

:: K
 liD

 * C
i/1nll12 =

 K
 IID

¡l - D
J- lii :: K

 13.
(5.42 )

T
his proves the first bound of (5.38).
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Iteration of (5.41) gives H
z(x) :: K

D
(x) +

 K
2(D

 * D
 * G

z)(x). T
herefore,

IIH
zlioo :: K

IID
lloo +

 K
211D

2C
zIIi

3
 
A
 
2
 
A

:: K
¡3 +

 K
 liD

 C
p(z) IIi

=
 K

¡3 +
 K

3(D
 * D

 * C
p(z))(O

)

:: K
¡3 +

 K
3(D

 * D
 * C

p(z) * C
p(z))(O

)

:: K
¡3 +

 K
3(D

 * D
 * C

i/ini * C
i/1nl)(0)

:: K
¡3 +

 K
3¡3, (5.43)

using (5.7) in the second inequality, and the inverse Fourier transform
 and

(
5
.
2
)
 
i
n
 
t
h
e
 
l
a
s
t
.
 
.

R
em

ark. T
he bounds of L

em
m

a 5.10 can be com
bined w

ith T
heorem

 4.1 to
give bounds on ii(N

), and hence on II. T
his is the content of the follow

ing
lem

m
a. N

ote that once w
e have verified that the hypotheses of L

em
m

a 5.9
a
l
l
 
h
o
l
d
,
 
w
e
 
c
a
n
 
c
o
n
c
l
u
d
e
 
t
h
a
t
 
f
e
z
)
 
:
:
 
a
 
=
 
1
 
+
 
c
o
n
s
t
¡
3
,
 
t
h
e
r
e
b
y
 
v
e
r
i
f
y
i
n
g
 
t
h
e

hypothesis fez) :: K
 of L

em
m

a 5.11 w
ith K

 =
 a. A

fter the fact, this then
gives unconditional bounds on IIz (of course assum

ing (5.2)). T
hese bounds

are then of lasting im
portance (see, e.g., E

xercises 5.17-5.18).

L
em

m
a 5.11. Fix z E

 (0, zc), assum
e that f of (5.32) obeys fez) :: K

, and
assum

e that (5.2) holds. T
here is a constant C

K
, independent of z, such that

if 13 is suffciently sm
all (independent of z), then

L IIIz(x)1 :: cK
¡3, (5.44)

xE
Z

d

L
 
¡
i
 
-
 
c
o
s
(
k
.
 
x
)
J
I
I
I
z
(
x
)
1
 
:
:
 
c
K
¡
3
ê
p
(
z
)
 

(
k
)
-
i
.
 
(
5
.
4
5
)

xE
Z

d

Proof. It follow
s from

 T
heorem

 4.1, L
em

m
a 5.10, and the estim

ate (5.28) that
there is a constant c'¡ such that

L
 
i
i
i
N
)
(
x
)
 
:
:
 
(
c
'
¡
¡
3
)
N

xE
Z

d
(5.46)

for all N
 ?: 1, and

r-O
 ifN

=
l

L
 
¡
i
 
-
 
c
o
s
(
k
.
 
x
)
J
i
i
i
N
)
 

(
x
)
 
1
.
 
~
 
ê
p
(
z
)
 

(k)-iN
2(c'¡¡3)N

-i if N
?: 2.

xE
Z

d
(5.47)

T
he bounds (5.44)-(5.45) then follow

 im
m

ediately. .
W

e now
 confirm

 that f of (5.32) obeys the hypotheses of L
em

m
a 5.9, w

ith
Z

i =
 0, Z

2 =
 Z

C
, b =

 4 and a =
 1 +

 const¡3 (the particular value 4 for b is
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not an essential choice). W
e first verify that f(O

) =
 1, w

hich is of course less
than a.

L
em

m
a 5.12. T

he function f of (5.32) obeys f(O
) =

 1.

P
r
o
o
f
.
 
B
y
 
d
e
f
i
n
i
t
i
o
n
,
 
f
i
(
O
)
 
=
 
O
.
 
A
l
s
o
,
 
p
(
O
)
 
=
 
0
 
b
y
 
(
5
.
3
0
)
 
a
n
d
 
h
e
n
c
e
 
1
2
(
0
)
 
=
 
1
.

F
i
n
a
l
l
y
,
 
1
3
(
0
)
 
=
 
o
.
 
.

T
o
 
p
r
o
v
e
 
t
h
e
 
c
o
n
t
i
n
u
i
t
y
 
o
f
 
f
,
 
w
e
 
w
i
l
 
u
s
e
 
t
h
e
 
f
o
l
l
o
w
i
n
g
 

elem
entary lem

m
a.

Lem
m

a 5.13. Let (fO
l)O

IE
A

 be an equicontinuous fam
ily of functions on an

i
n
t
e
r
v
a
l
 
¡
t
i
,
 
t
2
J
,
 
a
n
d
 
s
u
p
p
o
s
e
 
t
h
a
t
 
s
U
P
O
I
E
A
 
f
 
0
1
 
(
t
)
 
.
c
 
0
0
 
f
o
r
 
e
a
c
h
 
t
 
E
 
¡
t
i
,
 
t
2
J
.
 
T
h
e
n

S
U
P
O
I
E
A
 
f
 
0
1
 
i
s
 
c
o
n
t
i
n
u
o
u
s
 
o
n
 
¡
t
i
,
 
t
2
J
.

P
r
o
o
f
.
 
L
e
t
 
1
 
=
 
S
U
P
O
I
E
A
 
f
O
l
,
 
a
n
d
 
l
e
t
 
f
 
:
:
 
0
 
b
e
 
g
i
v
e
n
.
 
T
h
e
 
s
t
a
t
e
m
e
n
t
 
t
h
a
t
 
(
f
O
l
)
O
I
E
A

i
s
 
e
q
u
i
c
o
n
t
i
n
u
o
u
s
 
m
e
a
n
s
 
t
h
a
t
 
t
h
e
r
e
 
i
s
 
a
 
6
 
:
:
 
0
 
s
u
c
h
 
t
h
a
t
 
I
f
O
l
(
s
)
 
-
 
f
O
l
(
t
)
 

1
 
.
c
 
f
j
2

w
henever Is - tl .c 6, uniform

ly in (X
 E

 A
. Fix s, t w

ith Is - tl .c 6, and
assum

e w
ithout loss of generality that I(s) ;: I(t). C

hoose (x' such that 0 ::
I(s) - fO

l'(s) .c fj2. T
hen

o
 
:
:
 
I
(
 
s
)
 
-
 
I
(
 
t
)
 
:
:
 
I
(
 
s
)
 
-
 
f
 
0
1
'
 
(
t
)

:
:
 
¡
I
(
 
s
)
 
-
 
f
 
0
1
'
 
(
s
)
 
J
 
+
 
I
f
 
0
1
'
 
(
s
)
 
-
 
f
 
0
1
'
 
(
t
)
 
1

f f
.c - +

 - =
 f.

2
 
2

(5.48 )

T
h
e
r
e
f
o
r
e
,
 
1
 
i
s
 
c
o
n
t
i
n
u
o
u
s
.

.
L

em
m

a 5.14. T
he function f of (5.32) is continuous on the interval ¡O

, zc).

P
r
o
o
f
.
 
I
t
 
s
u
f
f
c
e
s
 
t
o
 
s
h
o
w
 
t
h
a
t
 
e
a
c
h
 
o
f
 
f
i
,
 
1
2
,
 
1
3
 
i
s
 
c
o
n
t
i
n
u
o
u
s
 
o
n
 
¡
O
,
 
z
c
)
.
 
T
h
e

function fi is linear, so it is certainly continuous.
F

or 12, it suffces to show
 that 12 is continuous in ¡O

, rJ for every r .c zc'
B

y L
em

m
a 5.13, it sufces to show

 that lêz(k)ljêp(z)(k) is equicontinuous in
z E

 ¡O
, rJ. H

ere (X
 is k. S

ince (lfO
lI)O

IE
A

 is an equicontinuous fam
ily w

henever

(fO
l)O

IE
A

 is, it sufces to obtain a bound on the derivative

¡
ê
 
(
k
)
d
ê
z
(
k
)
 
_
 
ê
 
(
k
)
 
d
ê
p
(
k
)
 
I
 
d
P
(
Z
)
J

p(z) dz z dp dz'
p=

p(z)
(5.49)

uniform
ly in k and in z E

 ¡O
, rJ. T

his follow
s from

 the bounds

1 1 , ,
-
 
.
c
 
,
=
 
c
 
(
 
)
 
(
k
)
 
.
c
 
C
 
(
 
)
 
(
0
)
 
=
 
X
(
z
)
 
.
c
 
x
(
r
)

2
 
-
 
1
 
_
 
p
(
z
)
l
n
I
D
(
k
)
 
p
 
z
 
-
 
p
 
z
 
_
,

iêz(k) I :: x(r), I dêdz(k) I :: X
' (r), I dêJ;k) I :: I nlx(r)2, and d~

S
z) :: ini-ix' (r).

F
or 13, it again suffces to show

 continuity in ¡O
, rJ for every r .c zc' A

gain
w
e
 
s
h
o
w
 
e
q
u
i
c
o
n
t
i
n
u
i
t
y
 
o
n
 
¡
O
,
 
r
J
 
f
o
r
 
e
v
e
r
y
 
r
 
.
c
 
z
c
,
 
b
y
 
o
b
t
a
i
n
i
n
g
 
a
 
u
n
i
f
o
r
m

b
o
u
n
d
 
o
n
 
t
h
e
 
d
e
r
i
v
a
t
i
v
e
 
w
i
t
h
 
r
e
s
p
e
c
t
 
t
o
 
z
,
 
a
n
d
 
t
h
i
s
 
f
o
l
l
o
w
s
 
a
s
 
b
e
f
o
r
e
.
 
.

(5.50)
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E
xercise 5.15. F

il in the m
issing details in the continuity proof of h.

Finally, w
e verify that f obeys the substantial hypothesis of L

em
m

a 5.9.

L
em

m
a 5.16. Fix z E

 (0, zc) and suppose that f(z) :: 4. If (5.2) holds w
ith

ß
 suffciently sm

all (independent of z), then it is in fact the case that f(z) ::
1 +

 cß for som
e c :: 0 independent of z.

P
r
o
o
f
.
 
F
o
r
 
f
i
(
z
)
,
 
w
e
 
s
i
m
p
l
y
 
n
o
t
e
 
t
h
a
t
 
X
(
z
)
 
:
:
 
0
 
a
n
d
 
h
e
n
c
e
,
 
b
y
 
(
3
.
3
0
)
,

X
(z)-l =

 1 - zini - tJz(O
) :: O

. (5.51)
T

herefore, by L
em

m
a 5.11,

fi(z) =
 zini .c 1- tJz(O

) :: 1 +
 C

4ß
 (5.52)

if ß is suffciently sm
all.

For 12, w
e first w

rite Fz(k) =
 1jêz(k), so that

êz(k) =
 1 - p(z)inib(k) =

 1 1 - p(z)inib(k) - F
z(k) (5)

,
 
,
 
+
 
,
 
.
 
.
5
3

C
p
(
z
)
(
k
)
 
F
z
(
k
)
 
F
z
(
k
)

W
e w

il show
 that the last term

 on the right hand side is O
(ß

), w
hich im

plies
t
h
a
t
 
h
(
z
)
 
=
 
1
 
+
 
O
(
ß
)
.

W
e first obtain bounds on the num

erator of the last term
 in (5.53), and

a
f
t
e
r
w
a
r
d
s
 
c
o
n
s
i
d
e
r
 
t
h
e
 
d
e
n
o
m
i
n
a
t
o
r
.
 
B
y
 
(
5
.
3
0
)
 
a
n
d
 
(
3
.
3
0
)
,
 
p
(
z
)
i
n
¡
 
=
 
1
 
-

Fz(O
) =

 zlfl +
 tJz(O

), and thus the num
erator of the last term

 in (5.53) is

1
 
-
 
p
(
z
)
i
n
i
b
(
k
)
 
-
 
F
z
(
k
)
 
=
 
t
J
z
(
O
)
¡
-
 
b
(
k
)
J
 
-
 
¡
t
J
z
(
O
)
 
-
 
t
J
z
(
k
)
J
.
 
(
5
.
5
4
)

T
his is bounded above by 4C

4ß, by (5.44). A
dditionally, by (5.44)-(5.45), it is

also bounded above by

c
4
ß
¡
1
 
-
 
b
(
k
)
J
 
+
 
c
4
ß
¡
1
 
-
 
p
(
z
)
l
f
l
b
(
k
)
J
.

(5.55)

Since
r1 - b(k)Jê (k) =

 1 +
 b(k) p(z)ini -,1 .c 2

l
 
p
(
z
)
 
1
 
_
 
p
(
z
)
¡
n
I
D
(
k
)
 
-
 
,

the num
erator of (5.53) is bounded by

(5.56)

3
C
4
ß
l
1
 
-
 
p
(
z
)
l
n
l
b
(
k
)
J
 
:
:
 
3
C
4
ß
 
(
F
z
(
O
)
 
+
 
¡
1
-
 
b
(
k
)
J
J
 
.

(5.57)

T
he denom

inator of (5.53) is

F
z
(
k
)
 
=
 
F
z
(
O
)
 
+
 
¡
F
z
(
k
)
 
-
 
F
z
(
O
)
J

=
 Fz(O

) +
 zlnl¡1 - b(k)J +

 ¡tJz(O
) - tJz(k)J.

(5.58)
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F
o
r
 
z
 
:
:
 
1
/
2
I
n
l
,
 
w
e
 
u
s
e
 
F
z
(
O
)
 
:
:
 
ê
z
(
O
)
-
i
 
:
:
 
~
,
 
1
-
 
Î
J
(
k
)
 
:
:
 
0
,
 
a
n
d
 
(
5
.
4
4
)
 
t
o
 
s
e
e

that
"
 
1

FA
k) :: FA

O
) - 2C

4ß :: '2 - 2C
4ß.

F
o
r
 
1
/
2
1
S
?
1
 
:
:
 
~
 
.
:
 
Z
e
,
 
w
e
 
y
s
e
 
F
z
(
O
)
 
?
 
0
,
 
(
5
.
4
5
)
 
a
n
d
 
1
 
-
 
p
(
z
)
l
n
I
Î
J
(
k
)
 
=

1
 
-
 
(
1
 
-
 
F
z
(
O
)
)
D
(
k
)
 
:
:
 
1
 
-
 
D
(
k
)
 
+
 
F
z
(
O
)
 
t
o
 
o
b
t
a
i
n

,
 
,
 
1
 
'
 
,

F
z
(
k
)
 
:
:
 
F
A
O
)
 
+
 
'
2
l
1
 
-
 
D
(
k
)
J
 
-
 
c
4
ß
l
l
 
-
 
p
(
z
)
l
n
I
D
(
k
)
J

:: D
 - C

4ßJ (Fz(O
) +

 II - ÎJ(k)jJ .

(5.59)

(5.60)

In either case, com
bining these inequalities w

ith the bounds obtained above
for the num

erator of (5.53) gives h(z) =
 1 +

 O
(ß).

Finally, w
e consider h. W

e w
rite

f¡z(k) =
 zlnIÎJ(k) +

 ÎIz(k),
(5.61)

s
o
 
t
h
a
t

,
 
1

G
z(k) =

 1 - f¡A
k)'

N
ote that gz(x) =

 gz( -x), so w
e can apply L

em
m

a 5.7 to obtain

(5.62)

~
ILlkêz(l)1 :: ~

lêz(l- k) +
 êz(l +

 k)Jêz(lH
f¡;V

(O
) - f¡;V

(k)J (5.63)

+
4
ê
z
(
l
-
 
k
)
ê
A
i
)
ê
z
(
i
 
+
 
k
)
 

If¡;v 
(0) - f¡;V

(k)H
f¡;V

(O
) - f¡;v(l)j.

U
s
i
n
g
 
h
(
z
)
 
:
:
 
1
 
+
 
O
(
ß
)
,
 
w
e
 
c
a
n
 
b
o
u
n
d
 
e
a
c
h
 
f
a
c
t
o
r
 
o
f
 
ê
z
 
a
b
o
v
e
 
b
y
 
I
I
 
+

O
(
ß
)
J
ê
p
(
z
)
'
 
A
l
s
o
,

f¡;V
(O

) - f¡;V
(k) :: 2:)1 - cos(k. x)H

zlnID
(x) +

 IIIz(x)1J
x, , i

:
:
 
z
i
n
i
i
i
 
-
 
D
(
k
)
j
 
+
 
C
4
ß
C
p
(
z
)
 

(k)-
, i

:
:
 
l
2
 
+
 
O
(
ß
)
J
C
p
(
z
)
 

(k)- ,
(5.64)

u
s
i
n
g
 
(
5
.
4
5
)
 
f
o
r
 
t
h
e
 
s
e
c
o
n
d
 
i
n
e
q
u
a
l
i
t
y
,
 
a
n
d
 
f
i
(
z
)
 
:
:
 
1
 
+
 
O
(
ß
)
 
a
n
d
 
(
5
.
5
6
)
 
f
o
r

the third. C
om

bining these bounds gives h(z) :: 1 +
 O

(ß).
T

his com
pletes the proof that f(z) :: 1 +

 O
(ß). .

T
his com

pletes the proof that f obeys the hypotheses of L
em

m
a 5.9, and

also com
pletes the proof of T

heorem
 5.8.

E
xercise 5.17. (a) G

ive a m
onotonicity argum

ent to conclude that the factor
ê
p
(
z
)
(
k
)
-
i
 
i
n
 
(
5
.
4
5
)
 
c
a
n
 
b
e
 
r
e
p
l
a
c
e
d
 
b
y
 
1
 
-
 
Î
J
(
k
)
.

(b) U
se the result of (a) to prove that Lx IxI2IIIA

x)1 is bounded above by
O

(ß
(J2) uniform

ly in z .: Z
e, w

here (J2 =
 Lx Ixl2 D

(x).
(
c
)
 
T
h
e
 
c
o
r
r
e
l
a
t
i
o
n
 
l
e
n
g
t
h
 
o
f
 
o
r
d
e
r
 
2
,
 
6
(
z
)
,
 
i
s
 
d
e
f
i
n
e
d
 
b
y

5.2 C
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6
(
Z
)
2
 
=
 
x
t
z
)
 
L
 
I
x
I
2
G
z
(
x
)
.

x
(5.65)

P
r
o
v
e
 
t
h
a
t
 
6
(
z
)
 
~
 
(
1
-
 
z
/
z
e
)
-
i
/
2
.

A
s a final observation, w

e note that by (5.46) and dom
inated convergence,

ÎIzc(k) is finite and is equal to the lim
it of ÎIz(k) as z approaches Z

e from
 the

left. Since x(z) diverges to infinity in this lim
it, it follow

s from
 (3.30) that

1
 
-
 
z
e
i
n
¡
 
-
 
Î
I
z
c
 
(
0
)
 
=
 
0
,

(5.66)

a
n
d
 
h
e
n
c
e

ze=
 I~

i (I-ÎIzJO
)) =

 I~
i +

O
(I~

12)'
(5.67)

w
h
e
r
e
 
w
e
 
h
a
v
e
 
u
s
e
d
 
I
Î
I
z
J
O
)
I
 
:
:
 
O
(
ß
)
 
=
 
O
(
i
n
i
-
i
)
 
(
a
n
d
 
w
e
 
a
s
s
u
m
e
 
d
 
?
 
4
 
f
o
r

t
h
e
 
s
p
r
e
a
d
-
o
u
t
 
m
o
d
e
l
)
.
 
F
o
r
 
t
h
e
 
s
p
r
e
a
d
-
o
u
t
 
m
o
d
e
l
 
i
n
 
d
i
m
e
n
s
i
o
n
s
 
d
 
?
 
4
,
 
a
n

extension of (5.67) can be found in ¡1l8J. i See ¡176J for related results for
the spread-out m

odel in dim
ensions d :: 4. For the nearest-neighbour m

odel,
(5.67) is the first step in the proof of the asym

ptotic form
ula (2.8) for J- =

 1/ Z
e'

T
h
e
 
f
o
l
l
o
w
i
n
g
 
e
x
e
r
c
i
s
e
 
p
u
s
h
e
s
 
(
5
.
6
7
)
 
a
 
b
i
t
 
f
u
t
h
e
r
.

E
x
e
r
c
i
s
e
 
5
.
1
8
.
 
C
o
n
s
i
d
e
r
 
t
h
e
 
n
e
a
r
e
s
t
-
n
e
i
g
h
b
o
u
r
 
m
o
d
e
L
.

(a) Fix an integer m
 :: 1. Show

 that II ¡1-D
J-m

lli is nonincreasing in d ? 2m
.

H
i
n
t
:
 
A
-
m
 
=
 
r
(
m
)
-
i
 
1
0
0
0
 
u
m
-
i
e
-
u
A
d
u
.

(b) L
et H

Y
)(x) =

 L
:=

j cm
(x)zm

. Show
 that IIH

£~)lIoo :: O
(d-j/2), w

here
the constant m

ay depend on j. T
o do so, it is helpful first to show

 that
IIÎJ2jlli :: cj(2d)-j for som

e constant C
j depending on j =

 1,2,....
(c) P

rove that
,
 
1
 
3
 
(
~
)

II£:) (0) =
 2d +

 (2d)2 +
 0 (2d)3 .

(5.68)

(d) P
rove that

ÎI£:) (0) =
 (2~

)2 +
 0 ((2~

)3 ).
(5.69)

(e) C
onclude that the connective constant J- =

 z;;i obeys

J- =
 2d - 1 - 2~

 +
 0 ( (2~

) 2 ) .
(5.70)

T
h
e
 
s
t
r
a
t
e
g
y
 
i
n
 
t
h
i
s
 
e
x
e
r
c
i
s
e
 
i
s
 
b
a
s
e
d
 
o
n
 
t
h
a
t
 
u
s
e
d
 
i
n
 
l
5
3
,
 
1
2
2
,
 
1
2
3
1
,
 
a
n
d
 
i
s

s
i
m
p
l
e
r
 
t
h
a
n
 
t
h
a
t
 
u
s
e
d
 
i
n
 
l
1
O
l
j
 
E
q
u
a
t
i
o
n
 
(
5
.
7
0
)
 
w
a
s
 
f
i
r
s
t
 
p
r
o
v
e
d
 
i
n
 
¡
1
4
0
1
,

using com
pletely different m

ethods.
1 T

he results of ¡iisJ are expressed in term
s of pc defined by pc =

 zci.ra
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5.3 F
inite B

ubble vs S
m

all B
ubble

A
ccording to T

heorem
 2.3, the susceptibilty obeys the m

ean-field behaviour
X
(
z
)
 
~
 
(
1
 
-
 
Z
/
z
c
)
-
1
 
i
f
 
t
h
e
 
c
r
i
t
i
c
a
l
 
b
u
b
b
l
e
 
d
i
a
g
r
a
m
 
B
(
z
c
)
 
i
s
 
f
i
n
i
t
e
.
 
O
n
 
t
h
e

other hand, convergence of the lace expansion has been proved only w
hen

B
(zc) - 1 is sm

all. T
his leads to the restrictions that the dim

ension be large
for the nearest-neighbour m

odel, or that L
 be large for the spread-out m

odel
i
n
 
d
i
m
e
n
s
i
o
n
s
 
d
 
/
 
4
,
 
i
n
 
o
u
r
 
u
s
e
 
o
f
 
P
r
o
p
o
s
i
t
i
o
n
 
5
.
3
 
t
o
 
d
r
i
v
e
 
t
h
e
 
c
o
n
v
e
r
g
e
n
c
e

proof.
F
o
r
 
t
h
e
 
n
e
a
r
e
s
t
-
n
e
i
g
h
b
o
u
r
 
m
o
d
e
l
 
i
n
 
d
i
m
e
n
s
i
o
n
 
d
 
=
 
5
,
 
i
t
 
w
a
s
 
s
h
o
w
n
 
i
n

¡97,98j that B
(zc) - 1 :S 0.493. T

his is sm
all, although not very sm

alL
. W

ith
considerable effort, and w

ith a com
puter-assisted proof, convergence of the

lace expansion w
as proved in ¡97,98j for the nearest-neighbour m

odel in di-
m

ensions d 2: 5.
It w

ould be of great interest to find a proof of the bubble condition that
w

ould be applicable in situations w
here the bubble diagram

 could be large,
r
a
t
h
e
r
 
t
h
a
n
 
r
e
l
y
i
n
g
 
O
n
 
i
t
 
b
e
i
n
g
 
s
m
a
l
L
.

5.4 D
ifferential E

quality and the B
ubble C

ondition

It is instructive nO
W

 to revisit T
heorem

 2.3, w
hich used inclusion-exclusion to

give upper and low
er bounds O

n the derivative of Z
X

(z). A
s in the proof of

L
em

m
a 5.16, w

e w
riteA
 
1
 
A

Fz(O
) =

 X
(z) =

 1 - zini - IIz(O
).

(5.71)

T
hen direct calculation gives

(A
 dFz(O

)) -l =
 v(z)x(z)2,

F
z
(
O
)
 
-
 
z
~
 
F
z
C
O
)
 

2

d¡zX
(z)j

dz
(5.72)

w
ith

V
(
z
)
 
=
 
1
 
+
 
z
 
d
l
;
z
(
O
)
 
-
 
Î
I
z
(
O
)
.

T
he identity (5.72) gives an identity in place of the inequalities of (2.35), and

corresponds to inclusion-exclusion carried out to all orders.
It is significant that V

(zc) is finite, under the basic assum
ption of C

hap. 5
that (5.2) is suffciently sm

all. W
e have already seen in Sect. 5.2 that ÎIzc (0) is

finite. T
o see that V

(zc) is finite, w
e m

ust verify that the derivative dÎIzc (O
)/dz

is also finite. H
ere is a sketch of a proof of this last fact.

It suffces to obtain a bound on

(5.73)

00

L
 m

irl:) (O
)z;;-l

m
=

1
(5.74)
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w
hich is sum

m
able in N

. A
s in the proof of (4.10), w

e associate to irl:)(O
) a

diagram
 consisting of 2N

 -1 subw
alks, w

hose lengths m
i"", m

2N
-l sum

 to
m

. W
e decom

pose the factor m
 in (5.74) as m

 =
 L

~~;1 m
j and obtain a sum

of 2N
 - 1 term

s. In the lh term
, there is a factor m

j associated to the jth
line. W

e apply L
em

m
a 4.6 to estim

ate the lh term
, associating the infinity

n
o
r
m
 
t
o
 
t
h
e
 
s
p
e
c
i
a
l
 

line. T
hen w

e use the bound

00

ii L
 m

cm
(x)z;;-illoo =

 IldH
zJx)/dzlloo

m
=

1

:
S
 
I
I
H
z
c
 
*
 
G
z
c
 
1
1
0
0
 
:
S
 
I
I
H
z
c
 
1
1
0
0
 
+
 
I
I
H
z
c
 
I
I
~
,
 
(
5
.
7
5
)

and draw
 the desired conclusion. T

he first inequality of (5.75) follow
s as in

the upper bound of (2.35), and the second inequality is (4.11).
T

his show
s that, as z -- z;;,

d¡Z
X

(z)j rv V
(zc)X

(z)2.
-
 
d
z

(5.76)

T
he left hand side is equal to the generating function of tw

o m
utually-avoiding

self-avoiding w
alks starting from

 the origin. T
he asym

ptotic form
ula (5.76)

show
s that this generating function behaves in the sam

e w
ay as the generating

function for tw
o independent self-avoiding w

alks, up to a vertex factor V
(zc)

w
hich takes into account the local effect of the m

utual avoidance.

E
xercise 5.19. P

rove that w
hen ß

 of (5.2) is suffciently sm
all, the suscepti-

bility obeys the asym
ptotic form

ula

x(z) rv A
(1- z/zc)-1 as z -- z;;,

( 5.77)

w
ith A

 =
 z;;1 uni +

 ddzÎIzc (O
)j-l. T

his im
proves the conclusion of T

heorem
 5.1

to an asym
ptotic form

ula, and also avoids any appeal to T
heorem

 2.3.


